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Abstract 

We introduce the new concept of cartesian module over a pseudofunctor R from a small category to 
the category of small preadditive categories. Already the case when i? is a (strict) functor taking values 
in the category of commutative rings is sufficient to cover the classical construction of quasi-coherent 
sheaves of modules over a scheme. On the other hand, our general setting allows for a good theory of 
contravariant additive locally flat functors, providing a geometrically meaningful extension of Crawley- 
Boevey’s Representation Theorem. As an application, we relate and extend some previous constructions 
of the pure derived category of a scheme. 
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1 Introduction 


Let X be a small site (that is, a small category whose Grothendieck topology is defined by a pretopology, 
see [^). The usual way of defining a ringed site is by considering pairs (X, Ox), where Ox is a sheaf of 
commutative rings. More generally a ringed category {X, Ox) is a pair such that X is a small category 
and Ox is a presheaf of commutative rings on X. Then, the category of presheaves of Ojv-modules on 
X can be defined. On the other hand, a (not necessarily commutative) ring may be regarded as a special 
case of a small preadditive category, that is, a small category R such that R{a, b) is an Abelian group, 
for each a,b e OhR, and morphism composition distributes over addition. So the category of modules 
over a preadditive category naturally arises. There are many sources in the literature which deal with 
this generalization. Quoting from |25| , “[■■■] there have been several papers concerned with replacing 
theorems about rings by theorems about categories. What does not seem to be generally realized 

IS the degree of completeness to which the program can be carried out,. In fact, most facts about 
module theory have their counterpart in the theory of “modules over rings with several objects”. 

This paper attempts to take Mitchell’s quote one step further. Indeed, given a small category C, we 
take a representation R: C ^ Add to be a pseudofunctor from C to the category of small preadditive 
categories (see Definition |3.1[ ). In case R: C —* Add is indeed a functor, we call R a strict representation. 
In fact, we will be mainly concerned with strict representations in case Add is just the category Ring of 
(non necessarily commutative) rings. The prototypical example of a strict representation is constructed 
letting C be the small category attached to the poset of open afRnes on a scheme X, while the functor 
R arises from the structure sheaf Ox (see also Example |3.2[ ). 

Given a representation R: C ^ Add, we define the category Mod-i? of “right modules” over R (see 


Definition 3.6 1 , whose main properties are studied in Subsection 3.2 


Theorem. Let C be a small category and let R be a representation of C. Then Mod-i? is an {Ab.4*) 
Grothendieck category. If furthermore C is a poset, then Mod-i? has a projective generator. 


Proof. See Theorem |3.18| 


□ 


In Subsection 3.3 we define a tensor product in Mod-7? (taking values in the category of Abelian 
groups) and hence we get a natural notion of flatness in Mod-7?. Its definition yields the following: 

Proposition. Let R be a representation of the small category C and let M be a right R-module. If Me 
IS flat in (7?°^, Ab) for all c e ObC, then M is flat. 

If furthermore C is a poset and R is left flat, then also the converse is true, that is, M is flat in 
Mod-7? if and only if Me is flat in (7?°^, Ab), for all c e ObC. 

Proof. See Proposition |3.21) □ 

However (extending work from i). in this paper we are mainly concerned with the full subcategory 
Modcart(7?) of Mod-7? of the so-called cartesian right R-modules (see Definition 3.221. For some special 
small sites C, the category of cartesian modules may be regarded as the category Qcoh(7?) of quasi- 
coherent modules, where 7? corresponds to a sheaf of commutative rings on C. This is certainly the case 
of the small category C of the poset of all open affines on a scheme X, when 7? is the structure sheaf Ox. 
In this general setting we can prove the following Theorem, recovering Gorollary 4.4] and Corollary 
3.5]: 


Theorem. LetC be a small category and consider a right flat representation R: C 
3.5). Then, the category Modcart(7?) is Grothendieck. 


Proof. See Theorem |3.23| 


Add (see Definition 


□ 


The abstraction of Modcart(7?) has some nice consequences that we consider in this paper. For in¬ 
stance it enables to define a “good” theory of contravariant additive fiat functors in a rather general 
context that encompasses categories of quasi-coherent sheaves of modules. The classical theory of con¬ 
travariant additive flat functors is related with locally finitely presented additive categories. We recall 
that a locally finitely presented additive category A (in the sense of i) is an additive category with 
direct limits such that every object is a direct limit of finitely presented objects, and the class of finitely 
presented objects is skeletally small. A sequence 0—>0inMis pure if 

0 ^ Hom(r, L) Hom(T, M) Hom(r, X) ^ 0 


^ In 251 Mitchell uses the term “additive” for what is usually known as “preadditive”. 
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is exact, for each finitely presented T oi A (in this case g is said to be a pure epimorphism and / a 
pure monomorphism). Therefore, locally finitely presented additive categories come equipped with a 
canonical notion of fiat object (in the sense of Stenstrom 31 ) and of pure-injective object. Namely, 
F is flat if every epimorphism M ^ F is a. pure epimorphism. And E is pure-injective if every pure 
monomorphism E ^ M splits. 

Let us elaborate a bit more on the classical representation theory of locally finitely presented additive 
categories. We start from the case of the category of right i?-modules {R associative ring with identity), 
which is certainly locally finitely presented and additive. The subcategory mod-i? of finitely presented 
right i?-modules is a skeletally small additive category in which idempotents split. A representation 
theorem of Crawley-Boevey Theorem 1.4] asserts, in particular, that the category Mod-i? of right 
7?-modules is equivalent to the category Flat((mod-i?)°^, Ab) of contravariant additive flat functors 
from (mod-i?)to the category of Abelian groups. Under such equivalence, the pure short exact 
sequences correspond to short exact sequences in Flat((mod-i?)Ab). Similarly, pure-injective modules 
correspond to flat functors F such that every short exact sequence in Flat((mod-i?)°^, Ab) whose first 
non-zero term is F splits (see [^). Modules satisfying this homological condition are called cotorsion. 
They were first introduced by Harrison in for Abelian groups as a homological generalization of the 
algebraically compact Abelian groups. 

For a more general locally finitely presented additive category A, one obtains an equivalence between 
A and the category Flat(fp(A)°^, Ab) of contravariant additive flat functors from the additive and 
skeletally small category of finitely presented objects of A into Abelian groups. On the other hand, the 
category (fp(M)°^,Ab) of all contravariant additive functors, may be regarded as the category Mod-S", 
the category of all unitary right 5-modules, for a certain ring 5 with enough idempotents; under this 
identification, Flat(fp(A)°^, Ab) corresponds to the class of all unitary fiat right 5-modules Flat(5). 
Consequently, the study of locally finitely presented additive categories is encoded in the study of the 
category of flat right 5-modules for a ring with enough idempotents (see ■ 15 for an extension to 
flat cotorsion modules of the classical theory of pure-injective modules). As an application of this 
techniques, Herzog showed in 17 the existence of pure-injective envelopes for any object in a locally 


finitely presented additive category. 

For many schemes X that occur in practice (e.g., quasi-compact and quasi-separated), it is known 


that the category of quasi-coherent modules on A Is a locally finitely presented Abelian category (see 20 
1.6.9.12], and 12 Proposition 7] for the explicit statement). This is also the case for the category of 
quasi-coherent modules on a Noetherian stack (see [24| Lemma 3.9]) and on a concentrated Deligne- 
Mumford stack (see [30[ Theorem A and Proposition 2.7]). However the general theory explained above, 
when applied to this setting, confronts a major problem: the usual (categorical) notion of purity in a 
locally finitely presented additive category is not in general well-behaved in categories of sheaves. As 
an evidence of this, it was shown in 10 Theorem 4.4] that for a wide class of projective schemes the 
only flat object coming from the categorical notion of purity is the zero sheaf. This suggests that a 
different notion of purity, better reflecting the local nature of the scheme, should be considered. The 


papers [6||9j deal with purity in terms of modules of sections rather than categorical purity. This “local” 
notion of purity gives back the classical notion of flat sheaf in terms of the stalks (or equivalently in 
terms of flatness of the module of sections on each open affine); one can show that, unless the scheme is 
affine, this notion of flatness does not coincide with the categorical flatness described above. Working 
with the local notion of purity, it was shown in that pure injective envelopes exist, and in that 
a good notion of pure derived category on a quasi-separated scheme can be defined from an injective 
Quillen model category structure in the category of unbounded complexes of quasi-coherent modules. 
From that perspective, this paper continues the ongoing program on the study of the properties of this 
purity by presenting a new version of the classical representation theorem of locally finitely presented 
additive categories in terms of contravariant additive flat functors. 

More precisely, we exhibit a “local” version of the Yoneda extension functor that allows to embed 
Modcart(7?) (with R: C ^ Ring a strict representation) into the category of cartesian modules over a 
new representation Rfp-. C ^ Add defined as follows (see Section]^ and, in particular. Definition 4.6 1 : 


Definition. Let R: C ^ Ring be a strict representation. We define the pseudofunctor Rfp-. C ^ Add 
as follows: 

- Rfp{c) = mod-i?c, for all ce OhC; 

- Rfp{a) = — Rd: mod-Rc —<■ mod-Rd, for all (a: c —<■ d) e C; 

- given {a: c —>■ d) and (/?: d ^ e) e C, we let g,p,a: Rfp{P)Rfp{a) —► Rfp{Pa) be the natural 
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isomorphism such that, for all F e mod-Rc, 


: Rfp{l3)Rfp{0-)F = {F ®Ra Rd) ®Rd Re -^ F Re = Rfp{/3a)F 

(/(S)»"i){x)r 2 I—>■ f <g) Rf3iri)r2 ; 

- given c e ObC, 5c'- iduj^^c) Rfpiidc) is the natural isomorphism such that, for all F e mod-7?c, 

{5c)f- idjij^(^c)F = F —>■ F®r,, Rc = Rfp{idc) 
f '—>■ /S) Iflc • 


In this way, we obtain a new category of cartesian modnles over Rfp. It would be desirable for this 
category to share the same categorical properties as the original Modcart (R) ■ This turns out to be case: 

Lemma. In the notation of the previous definition, R is a right flat representation if and only if Rfp is 
right flat. Consequently, for such R, both Modca.it{R) and Modcmt(Rfp) are Grothendieck categories. 

Proof. See Lemma [4.7| □ 

Let L.Flat(Modcart(I?/p)) be the full subcategory of Modcart(Iii/p) whose objects are the cartesian 
modules M such that Me e Flat((mod-7?c)°^, Ab), that is, Me is a contravariant additive flat func¬ 
tor in ((mod-_Rc)°^, Ab), for each c e ObC (see Proposition on page[^. Our main theorem asserts 
that the category of cartesian modules over a strict representation R-. C —> Ring is equivalent to 
L.Flat(Modcart(R/p)). Notice that the definition of flatness used here is the analog in Modcart(R/p) 
to the definition of a flat quasi-coherent sheaf. Notice also that the ambient category Modcart (R/p) does 
not have in general enough projectives (as opposed to the ambient category (fp(A)°^,Ab) of additive 
contravariant functors associated to a locally finitely presented additive category A). Finally, the cate¬ 
gories L.Flat(Mod-R/p) c Modcart(R/p) need not be locally finitely presented (again, as opposed to the 
usual additive contravariant functor categories Flat(fp(A)°^, Ab) c (fp(.4)°^, Ab)). 

Representation Theorem. LetC be a small category and let R: C ^ Ring be a strict representation. 
Then the Yoneda functor Y: Mod-J? Mod-Rfp induces equivalences 

Mod-i? = L.Flat(Mod-i?/p) and Modcart(R) = L.Flat(Mod cart (Rfp)) ■ 


Proof. See Theorem |4.13| □ 

Under this equivalence a short exact sequence 0—>0in Modcart (R) is pure (that is, 
0 —► Lc —> Me —► Nc —► 0 is pure in Mod-Rc, for each c e C) if and only if 0 —► T(R) —► Y (M) —► Y(N) —► 

0 is exact in L.Flat(Modcart(R/p)). Consequently, the study of pure-injective objects in Modcart(R) is 
equivalent to the study of flat cotorsion objects in L.Flat(Modcart(R/p)). One main advantage of this is 
the following: it easily follows by the results of that the category Modcart (R/p) admits covers with 
respect to the class L.Flat(Modcart(R/p)). A standard argument then yields the existence of cotorsion 
envelopes in Modcart(R/p). In fact if Y{M) e L.Flat(Modcart(R/p)) then its cotorsion envelope lies in 
L.Flat(Modcart(R/p)) and it corresponds to the pure-injective envelope of M in Modcart(R). Thus we 
get the following: 

Corollary. Let C be a small category and let R: C —> Ring be a strict representation. Then, every 
M e Modcart(R) has a pure-injective envelope. 


Proof. See Theorem |5.4[ □ 

Another application of the Representation Theorem is that the pure homological algebra we just 
defined in Modcart (R) is encompassed by Quillen’s homotopical algebra. That is, the category of un¬ 
bounded chain complexes of objects in Modcart (R) has a model structure that reproduces the pure 
homological algebra. In §1. Corollary] the authors define the pure derived category on a quasi- 
separated scheme. There, they also give an alternative approach for defining the pure derived category 
in §1. Theorem C] by showing that there is an injective model category structure on the category 
of unbounded chain complexes of flat sheaves. This second approach is the one followed by Murfet and 
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Salarian in to define the pure derived category on a Noetherian separated scheme. We point out 
that these pure derived categories are necessarily different from the ones introduced in and (as 
they make reference to a different notion of purity). Our Representation Theorem enables us to infer 
that the two constructions are related in the sense that the pure derived category of a scheme X in § 1 . 
Corollary] is the homotopy category of the injective model category structure on the category of un¬ 
bounded chain complexes of locally fiats in Modcart(R/p) (i.e. the modules in L.Flat(Modcart(R/p))), 
where Rfp is the representation associated to the structure sheaf of X. Hence, we can define the pure 
derived category in the general setting of cartesian modules on a strict representation of rings so, in 
particular, with no restriction on the scheme. 

Corollary. Let C be a small category and let R-. C —> Ring be a strict representation. There exists an 
exact Quillen model category structure in the category of unbounded complexes of objects in Modcart(R) 
where the weak equivalences are the pure quasi-isomorphisms. Its corresponding homotopy category is 
the pure derived category of cartesian R-modules. 


Proof. See Theorem |5.7| 


□ 


2 Preliminaries: Rings with several objects and their mod¬ 
ules 

In this paper we will be concerned with small preadditive categories and modules over them. In what 
follows we state some basic results that will be needed in later sections. 


2.1 Generalities 

2.1.1 Preadditive categories 

We denote by Add the category of small preadditive categories, while we denote by Ring (resp.. Comm.Ring) 
the full sub-category of Add of unitary associative (commutative) rings. By R we usually denote a small 
preadditive category. By r e R we mean that r is a morphism in R, while we use the notation a e Obi? 
when a is an object in R. 

Definition 2.1. Let R and S be two small preadditive categories. The tensor product R® S is the 
following small preadditive category: 

- the set of object Ob(i?{x) S) is just Ob(i?) x Ob(S); 

- given {ri, si), {r 2 , S 2 ) e Oh{R® S) we let 

Homi{ 0 s((ri, si), (r 2 , S2)) = HomH(ri,r 2 ) {x)z Homs(si, S2) ; 

- composition of morphisms in R® S is defined by the following law: 

(/i ® ffi) o (/2 O 52) = ifi o /2) ® (51 o £,2) . 

Using the properties of the tensor product of Abelian groups, it is not difficult to show that the 
tensor product R®S in the above definition is again a preadditive category. One can also show that the 
tensor product of preadditive categories is associative using the same property for the tensor product of 
Abelian groups. 


2.1.2 Modules 

A right (resp., left) module M over a small preadditive category i? is a (always additive) functor 
M: R°^ — > Ab (resp., M: R ^ Ab). A morphism (a natural transformation) (f: M —>■ N between 
right R-modules consists of a family of morphisms 4>a'. M{a) —> N{a) (of Abelian groups), with a 
ranging in ObR, such that the following squares commute for all (r: a ^ b) e R: 


M{a) 

A 

M (r) 


^^N{a) 

N{r) 


M{b) > - N{b) 
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We denote by (J?°^,Ab) (resp., (i?, Ab)) the category of right (resp., left) i?-modules. We often say 
just module to mean right i?-module when no confusion is possible. When i? is a ring we usually write 
Mod-i? and i?-Mod for Ab) and (i?, Ab), respectively. 

Lemma 2.2. Let R be a small preadditive category. The category of modules {R°^, Ab) is a Grothendieck 
category with a family of small projective generators. 

The above lemma is well-known, but let us give some hint for the proof. Indeed, the zero object 
0 in (7?°^,Ab) corresponds to the trivial functor R°^ —> Ab, which sends any object to 0 and any 
morphism to the zero morphism. Given a morphism cf-. M —>■ N in {R°^,Ah), the (co)kernel of (f is 
constructed sending a e OhR to the (co)kernel of (fa and sending (r; a —> 6) e i? to the unique map 
Ker((;l)a) —> Ker((^j,) (resp., CoKer(<()a) —> CoKer((()i,)) given by the universal property of (co)kernels. By 
this description we see that a sequence 0 —>■ N —>■ M —>■ M/N —> 0 in {R°^,Ah) is short exact if and 
only if 0 —> N{a) —► M{a) —> {M/N{a)){= M{a)/N{a)) —► 0 is a short exact sequence in Ab, for all 
a e OhR. 

Analogously, arbitrary products and coproducts are induced componentwise by the products and co¬ 
products in Ab. By this description we see that {R°^,Ah) is a bicomplete Abelian category with exact 
products and exact colimits. 

To see that (i?°^,Ab) is Grothendieck, it remains to describe a family of generators. In fact more is 
true, that is, {R°^, Ab) has a family of small projective generators that correspond to the corepresentable 
functors 

Hom_R( —, a): R°^ Ab 

with a e OhR. In what follows we use the notation 

HomB(-,a) = Ha . 

Let M be a right J?-module. By the Yoneda Lemma, there is an isomorphism of Abelian groups 

Hom(Hop^Ab)(i^a,M) s M(a) , 
for all a e OhR. This justifies the following definition: 

Definition 2.3. Let R be a small preadditive category and let M be a right R-module. Given a e Obi?, 
an a-element of M is a morphism m: Ha M, while an element of M is an a-element for some 
a e Obi?. We write me M to mean that m is an element of M. Furthermore, we let 

\M\= ^ |Hom(ii„,M)| = ^ |M(a)| 

aeObfi o-sObH 

The following lemma comes from the analogous properties in Ab, so we omit its proof. 

Lemma 2.4. Let R be a small preadditive category. Then, 

(1) given a short exact sequence 0 —> A —> M —> M/N —> 0, in (i?°^, Ab), 

\M\ = |A| • \M/N\ ^ max{|N|, |A|, |M/A|} . 

(2) given a set i and Mi e (i?°^, Ab) for all ie L, 


@Ai, 

i€l 


sup \Mi\ : F C I /imfej ^ sup{|N|, |i|, |Mi| : i e L} . 


Let i? be a small preadditive category, let M be a right i?-module, and let A ^ M be a submodule. 
By the description of the Abelian structure given after Lemma [2.2[ we can identify A(a) with a subgroup 
of M{a), for all a e Obi?. Suppose now that M' is another right i?-modules and let A' M' . Given a 
morphism (f: M —>■ M' , we say that A —► A' is a restriction of (f if the following square commutes 


M 

A 


A ■ 


■M' 


■A' 


where the vertical arrows are the canonical inclusions of A —> M and A' —> M'. 

Lemma 2.5. In the above notation, the following are equivalent 

(1) a restriction ip-. N ^ N' exists; 

(2) for all a e OhR, 4>a{Na) Q N/; 

(3) for all a e OhR and all f: Ha —> A ^ M, there exists g : Ha ^ A' —> M' such that (j>o f = g. 
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2.1.3 Bimodules 

Let R and S be two small preadditive categories. A (left R)-(right S)-bimodule M is a functor 

M: S°^®R^ Ah. 

Notice that Hom_B(—, —): R°^ ®R —» Ab is a (left i?)-(right 7?)-bimodule. Furthermore, given a functor 
(f) ■. R—>■ S, we obtain the following (left i?)-(right 5')-bimodule 

Homs(—, <()(—)): S°^ (X) i? —> Ab . 

Given a (left i?)-(right S)-bimodule M : S°^ (x) i? —> Ab, for all a e Obi? we obtain a right 

M{-,a)-. S°^ ^ Ah. 

Similarly, we obtain a left ii-module M{b, —) for all b e ObS". 

A homomorphism of (left i?)-(right S)-bimodules is the same as a homomorphism of 
modules, so that the category of (left iZ)-(right 5')-bimodules is naturally equivalent to 
{R°P®S, Ab). 

2.2 Tensor product and flat modules 

2.2.1 The tensor product functor 

Let i? be a small preadditive category. As for the case when R has one object (so ii is a ring), there is 
a tensor product functor 

(ii°^,Ab) X (i?,Ab) —^ Ab 

which satisfies many natural properties. The tensor product can be characterized by a universal property, 
but we prefer the following more explicit definition. 

Definition 2.6. Let R be a small preadditive category and let M e {R°^,Ah), N e (i?, Ab), then 

M<^rN=( 0 M{a)(^zN{a)]/T, 

\aeObJ? J 

where T is the subgroup generated by the elements of the /orr?!^ 

M{r){x)®y — X® N{r){y), r G Hom_R(a, 6), xeM{b), yeN{a). 

Furthermore, given two morphisms <(>■. M ^ M' in {R°^,Ah) and if-. N ^ N' in (i?, Ab), we define the 
following homomorphism of Abelian groups 

(j) ®R il ): M ®R N —<■ M' ®r N' 

as the morphism induced on the quotient by the diagonal morphism 

0 <(>a®zV'a: 0 M{a) ®E N{a)->■ 0 M'(a) ®z N'(a) . 

a€OhR aEOhR aEOhR 

The following natural properties of the tensor product can be easily verified by hand. 

Lemma 2.7. Let R be a small preadditive category. Then, 

(1) the tensor product 

-®R--. iR°^, Ab) X {R, Ab) ^ Ab 
is cocontinuous (it commutes with colimits) in both variables; 

(2) Ha ®R N = N{a), for all a e OhR and N e {R, Ab); 

(3) letting H* = HomH(a,-), M ®r H* ^ M{a), for all a G ObT? and M G {R°P,Ah). 

Let us conclude with the following 

Definition 2.8. Let R be a small preadditive category and let N M e {R°^,Ah). We say that N is 
pure in M if the sequence 0 —► ®r K M ®r K is exact for all K G [R, Ab). 

The above notion of purity can be “reduced” to purity in categories of modules over a unitary ring; 
this reduction, and some of its consequences, is described in the Appendix. 

^Contrarily to N, M is contravariant, so that M{r ): M{b) —> M{a), while N{r): N{a) —> N{b). 


S-module 


left R°P ® S- 
the category 
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2.2.2 Tensor product of bimodules 

We have seen that the tensor product is a functor (_R°^,Ab) x (_R, Ab) —> Ab. If we want a tensor 
product that takes values in categories of (bi)modules other that Ab we need to start with categories of 
bimodules, instead of categories of modules. 

Definition 2.9. Let R, S and T be small preadditive categories, let M be a (left T)-(right S)-bimodule 
and let N be a (left S)-(right R)-bimodule. We define the (left T)-(right R)-bimodule 

M(g)s N: R°P(g)T ^ Ah 

as follows: 

(1) for all t e OhT and r e OhR, {M iS)s N)ir,f) = M{—,t) iS)s Nir,—); 

(2) given morphisms (r: ai —► 02 ) e R°^ and (t: bi —>■ 62 ) e T, we define 

{M N){r(g)t): (M®s N){ai,bi) (M®s Al)(a 2 ,& 2 ) 

to be the tensor produet over S of the two morphisms M(t): M(—,&i) —► M(—, 62 ) (of right S- 
modules) and N{r): ^"( 01 ,—) —► N{a 2 ,—) (of left S-modules). 

Given two homomorphism (/>: M —> M' (of (left T)-(right S)-bimodules) and if: N —>■ N' (of (left 
S)-(right R)-bimodules) we define the following homomorphism of (left T(-(right R)-bimodules: 

(f®if:M M' —> N N' , 

sueh that {(f®if)(r,t) = 

One verifies that the above definition gives a functor 

-®s-- {S°^ ® T, Ab) X {R°^ ® S, Ab) ^ {R°^ ® T, Ab). 

Lemma 2.10. Let R, S, T and U be small preadditive categories, and consider bimodules M: S°^®R —> 
Ab, N: T°^ ® S' —> Ab and K: U°^ ® T —> Ab. There is a natural isomorphism of (left R)-(right U)- 
bimodules 

(M ®s N) ®T K ^ M ®s {N ®T K), 
sueh that, given r e R and u e U, the component 

{{M ®s N) ®T K){r,u) —>■ (M ®s {N ®t K))(r,u ), 

ts determined by the assignement (I ® h) ® k >—>■ I® {h® k), for all I e M{r, s), he N{s, t), k e K{t,u), 
s e S, t e T. 

2.2.3 Flat modules 

Let us start with the following 

Definition 2.11. Let R be a small preadditive category and let M e {R°^,Ah). Then M is flat if the 
functor 

M®r-: {R,Ah) —» Ab 

is exact. 

Given a functor a: A —>■ B and b e OhB, the fiber of a over b is the category Ajs such that 

- the objects of Aih are pairs (a, /), where a is an object in A and /: Q;(a) —> 6 is a morphism in B; 

- a morphism T : (a,/) —> {a', f') in Ay, is a morphism T: a —> a' in A such that the following 
diagram commutes in B 



A non-empty category A is filtered from above if it satisfies the following conditions 

- given two objects a, a' e A, there is an object b e A such that Hom^(a, h) 0 Hom^(a', 6); 



- given two parallel arrows '■ a ^ a', there is an arrow ip: a' ^ b, such that ip(p = ip4>'■ 
The following classical result characterizes flat modules. 

Lemma 2.12. 27 Let R be a small preadditive category and consider the Yoneda functor 

Y: iR°^,Ah) . 

A right R-module M is flat if and only if the fiber Rim of Y over M is filtered from above. 


2.3 Change of base 

Let R and S be two small preadditive categories and let i? —> 5 be a functor. The restriction of 
scalars along cp is the functor 

cP* = {-op>): (S°^Ab)^(i^°^Ab), 

which is defined just composing a functor N: S°^ —> Ab with rp, to obtain a functor (p*{N) = N o 
(p: R°^ Ab. On the other hand, one defines the extension of scalars along (p 

(p\ = (-®flHoms(-,(j)(-))): (i?°^,Ab) ^ (S°^, Ab), 

just as the tensor product over R by the (left i?)-(right 5')-bimodule Homs(—, (()(—)). One can show 
that the extension of scalars is left adjoint to the restriction of scalars. In fact, the unit 

Vrl>- ^^(Hor.Ab) —» 

is defined as follows: for all M: R°^ —> Ab and all a e Obi?, the component at a of (igfijM : M —> (p*<p\M 
is the unique homomorphism of Abelian groups 

Ma {{M®R}loms{-,(p{-))) o (p)a = iM(g)RRoms{-,(p{-)))^^a) = 0 Mi,{x)zHoms((()(a),(()(6))/r 

bsOhR 

which sends m e Ma to (the image in the quotient of) m (x) id^^a) e Ma ®z Homs(<()(a), (p{a)). Similarly, 
the counit 

Ecji: (p](p* 

is defined as follows: for all N: S°^ —> Ab and all c e ObS, the component at c of (£,^)jv: (pt(p*N N 
is the unique homomorphism of Abelian groups 

{{No(P),g,RRoms(-,(P{-)))c= 0 N^ib^^znoms(c,m)/T ^ Na 

beObR 

which sends n{x) / to Nf{n) e Na, for all n e f: c ^ ^Pib), and b e Obi?. 

Definition 2.13. Let R and S be two small preadditive categories and let (p: R ^ S be an additive 
functor. The adjunction [(p\, (p*) is said to be the change of base adjunction along (p. 

By definition, the scalar restriction (p* along any functor (p is exact. On the other hand, the scalar 
extension (p\ is only right exact in general. 

Definition 2.14. Let <p: R —>■ S be a functor between small preadditive categories. We say that (p is 
right flat if the scalar extension (p\ along (p is exact. Similarly, (p is left flat if (p°'‘‘: R°^ —► S°^ right flat. 

Let now t/i: i? —► S' and ip: S —>■ T he functors between preadditive categories. Just by definition, 
(p*ip* = (ipcp)*, so that there is a natural isomorphism ip\(p\ = {ip(p)'. (as these functors are adjoint to 
the same functor). In the following lemma we give an explicit description of such an isomorphism: 
Lemma 2.15. Let (p: R ^ S and ip: S ^ T be functors between preadditive categories. Given M e 
{R°^,Ah), there is a natural isomorphism 

{M 0R Homs(-, 9i(-))) {x)s HomT(-, ip(-)) —> M 0r HomT(-, ip(p[-)) (2.1) 

defined composing the natural isomorphism 

{M 0R Homs(-, <(>(-))) ®s HomT(-, ip{-)) M ®r (Homs(-, (p{-)) ®s HomT(-,'!/’(-))) 
described in Lemma \2.10[ with the following natural isomorphism: 

Homs(-, cp{r)) 0s HomT(t, ipi-)) ^HomT(t, ipipir)) 

{f:s^ <p{r)) 0{g:t^ ip{s)) i— flipif) o g: t ^ ip<P{r)) . 

which holds, naturally, for all r e Obi? and t e OhT. More explicitly, the map in is defined by the 

assignements 

{m0{f: b^ (pir))) 0ig: t^ ip{b)) i—>■ m 0 {ip{f) o g) . 
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2.4 Crawley-Boevey’s classical results 

Let R he a ring and denote by mod-i? the full subcategory of finitely presented modules in Mod-/?. 
Consider the contravariant Yoneda functor 

Y : Mod-7? —> ((mod-7?)°^, Ab) such that M i—► Hom_R(—, M) fmod-fl , 

for any M e Mod-7? and, similarly, Y[(j)) = Hom_R(—, ((i) fmod-ij, for any homomorphism (j> of right 
7?-modules. Consider also the following evaluation at R functor, which goes in the opposite direction: 

Y~^: ((mod-7?)°^, Ab) —» Mod-7? such that M i—> M(R ), 

for all A4 : (mod-7?)°^ —> Ab, where A4(R): R°^ —> Ab sends r e 7? to the morphism A4{r-—): A4(R) —> 
M{R), and (r • —): R—* 7? is the endomorphism of 7? (considered as a right 7?-module) such that s >—>■ rs. 
Similarly, given a natural transformation 3>: TVf —► N, we let y“^(3>) = 

Lemma 2.16. In the above notation, Y~^ is a left adjoint to Y. In fact, 

(1) the counit of the adjunction e: Y~^Y —> idMod-R is defined by 

Em '■ Hom_R(7?, M) —» M such that (<(>: 7? —> M) i—> , 

for all M e Mod-7?; 

(2) the unit of the adjunction rj-. id((inod-fl)°p,Ab) —> YY~^ is defined by 

iVM)K : M(K) UomRiK,MiR )), 
for all A4 : (mod-7?)°^ —> Ab and K e mod-7?, such that 

{nM)K{t){k) = M{k)[t ), 

for all t e A4{K) and k e K, where k is identified with the homomorphism R ^ K sending 1 k. 

The proof of the above lemma is an exercise and it consists in verifying the counit-unit identities. 
Let us recall also the following classical result: 

Lemma 2.17 (Yoneda). The counit e: Y~^Y —> idMod-i? of the above adjunction {Y~^,Y) is a natural 
isomorphism of functors. 

We can now state the following celebrated result from [^: 

Theorem 2.18 (Crawley-Boevey). Given a ring R, the essential image of the contravariant Yoneda 
functor Y: Mod-7? —> ((mod-7?)°^, Ab) coincides with the full subcategory of ((mod-7?)°^, Ab), whose 
objects are the flat functors. Furthermore, the restriction Y~^: Flat((mod-7?)°^, Ab) —► Mod-7? is a 
quasi-inverse for Y : Mod-7? —► Flat((mod-7?)Ab). 

The following consequence of the above theorem allows for a good “purity theory” in Mod-7?: 

Corollary 2.19. Let R be a ring. Then a short exact sequence 0 ^ N ^ M —>■ M/N —* 0 is pure exact 
in Mod-7? if and only i/0 —► Y{N) —* Y{M) —► Y[M/N) —► 0 is exact in ((mod-7?)Ab). 

3 Modules over representations of small categories 

3.1 Representations of small categories 

Definition 3.1. Let C be a small category, a representation of C is a pseudofunctor R-. C ^ Add, that 
IS, 7? consists of the following data: 

- for each object c e OhC, a preadditive category R^; 

- for all c, de ObC and any morphism a: c ^ d, an additive functor Ra : Rc —► Rd,' 

- for any object ce OhC, an isomorphism of functors Sc'. idR,, Rij^^; 

- for any pair of composable morphism a and fl in C, an isomorphism of functors p,g,a: RpRa —^ 

R/Sa . 

Furthermore, we suppose that the following axioms hold 
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(Rep.l) given three composable morphisms c d e ^ f in C, the following diagram commutes 


a. 

-^ 7/3 Roi 


-^7 ,a ) 


M7/3,o 


M7,3o 

Y 

-/?7^CK 


(Rep.2) given a homomorphism (a: c—>-d)e MorC, the following diagram commutes 


Ra 



A representation R: C —>■ Add is said to be strict if it is a functor, that is, Rid,, = idn,., Rpa = RgRa, 
and 5 and p, are identities. 

Given a representation R: C ^ Add and (a: d) e MorC, we denote by 

ar. (R^.Ab) ^ (R7,Ab): a* 
the change of base adjunction induced by Ra ■ 

We will often consider representations of a small category C on some full subcategory of Add as, for 
example, the category of (commutative) rings. 

Example 3.2. In this example we list three representations of small categories naturally arising 

in geometric contexts: 

( 1 ) let {X, Ox) be a scheme, choose an affine open cover Id (e.g., the family of all the affine opens) of 
X an let C be the category associated with the poset Id, ordered by reverse inclusion. Then there 
is a natnral representation Ox '■ Id —> Comm.Ring such that U i—> Ox{U)\ 

(2) let X be an algebraic stack with structure sheaf of rings Ox- In this case we consider C to be a 
small skeleton of the category of affine schemes smooth over X and we let R act as the sheaf of 
rings Ox.\ 

(3) let A be a Deligne-Mnmford stack with structure sheaf of rings Ox- We take C a small skeleton 
of the category of affine schemes that are etale over X (such a small skeleton must exist as etale 
morphisms are of finite type) and we let R act as the sheaf of rings Ox- 

Let C be a small category, and let R: C —> Add be a representation. Let also c — d —^ e be 
morphisms in C, call 7 = /3q their composition and consider the base change adjunctions {at, a*), 
{/3\,P*) and ( 71 , 7 *), relative to the additive functors Ra - Rc Rd, Rg’- Rd ^ Re, and R 7 : Rc ^ Re, 
respectively. In what follows we will describe some precise relations among these three adjunctions. 

Recall hrst the notion of horizontal pasting of two natural transformations. Indeed, let Ei, 7^2 : R ^ S 
and Gi,G 2 : S°^ —> T be functors, and let a: Fi —> R 2 and /3: G 2 —> Gi be natural transformations. 
The horizontal pasting 

a^p-. G 2 R 2 ^GiRi 

is a natural transformation such that (a * P)a = Gi(aa) ° PF 2 {a), for all a e ObR. 

Lemma 3.3. Let C be a small category, let R: C —► Add be a representation, let c g jg 

morphisms in C and let 7 = Pa. There are natural isomorphisms of functors: 

^ ^5}C ^ 

(rg,a : a P ->■ 7 

such ihai ^Ad — iLg!a * ’i'dN): J* N a*P*N, for all N ■. R°*’ ^ Ab, and 

Tg,a : P\a\ ->■ 71 , 


II 








where, for all M : —> Ab, (Tp,a)M '■ fiiaiM —> 71M is the following composition: 


{M <giR„ UomR^i-, Rc)) <SiRa iiomR,,{-,Rp) M ®r„ }iomR,,{-, RpRa) -» M ®r„ Homfl^ (-, i?^), 


2.15 


where the map (h=) is described in Lemma 

Notice that, for a strict representation, ap^o 
described in Lemma l2.15l 


and (h=h=) is the map idM ®r„ Homfl^ (—, (/i, 9 ,a){-))• 
is just the identity, while rp^a reduces to the isomorphism 


Let us now use the natural isomorphisms constructed in the above lemma to relate units and counits 
relative to different change of base adjnnctions. The proof of the following lemma consists in checking 
the statement on elements. 

Lemma 3.4. Let C be a small category, let R: C —* Add be a representation, let c d —^ e be 
morphisms in C and let 7 = /3a. Denote by rja, rjp, and rj-f (resp., Sa, ep, and be the units (resp., 
counits) of the change of base adjunctions {a\,a*), {P\,(3*) and ( 71 , 7 *), respectively. Then there are 
commutative squares: 


(Sa ) /3 ^ 

^-^^1/3* 

/Siat'y* 

7!7* -^ jrf(H°P,Ab) 


id. 


(R°^,Ab) 


v-l 


•7*7! 


't Db.J 


'y* I3]a\ 


'^(vp)a 




a*P*l3,a, 


The following condition on a representation is fundamental in defining the category of cartesian 
modules: 


Definition 3.5. A representation R of a small category C is right (resp., left^ flat if, for any ae C, the 
functor Rc, is right (resp., left) flat. 


The three representations described in Example 3.2 are all (left and 




3.2 The category of modules 

Definition 3.6. Let R: C —>■ Add be a representation of the small category C. A right i?-module M 
consists of the following data: 

- for all c e ObC, a right Rc-module Me'. R'fl’ —► Ab; 

- for any morphism a: c ^ d in C, a homomorphism Me : Me —► a*Md. 

Furthermore, we suppose that the following axioms hold: 

(Mod.l) given two morphisms {a-. c—>■ d), {(3: d—>■ e) in C, the following diagram commutes: 

M Mo 

Me -^ a*Md- a* 13*Me 

A 

Ua,P*id.Me 

{pa)* Me 



(Mod.2) {5e * idMe) ° Mid,, = idue, for all c e ObC; 

where fj,e,,p * idM^ ond Se * idu^ ore horizontal pastings, as described before Lemma \3.3\ Given two right 
R-modules M and N, a morphism p: M ^ N consists of a family of morphisms pe : Me —* Ne (one for 
any c G ObC ) in {R{c)°^, Ab) such that the following square commutes for any morphism a: c —* d in C: 


Me 


-Ne 


M, 


a*{Md 




-a*{Nd 
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We denote by Mod-i? the category of right _R-modules. Notice that one can define analogously the 
category i?-Mod of left _R-niodules. When no confusion is possible we will say module to mean right 
_R-module. Notice that, if i? is a strict representation, the axioms (Mod.l) and (Mod.2) for a right 
i?-module M, boil down to the conditions: Mpa = a*Mi 3 o Ma and Mid^ = idu^- 

Definition 3.7. Let R be a representation of a small category C and let M e Mod-R. Then we let 

\M\= Y, |M,|. 

cEObC 

Lemma 3.8. Let C be a small category and let R be a representation of C. Then Mod-i? is a bicomplete 
Abelian category. Furthermore, Mod-i? is {Ab.4*) and {Ab.5). 

Proof. Let us start showing that Mod-i? is a bicomplete Abelian category. Indeed, Mod-i? has a zero- 
object (the object with 0 in each component). Arbitrary products and coproducts can be taken com¬ 
ponentwise (use the fact that the functors a* commute with both products and coproducts). Similarly, 
kernels and cokernels can be taken componentwise (use the fact that the functors a* are exact), thus 
it is also clear that the canonical morphism between image and coimage is an isomorphism, as it is an 
isomorphism in each component. By this description of kernels, cokernels, products and coproducts, it 
follows that products and colimits are exact in Mod-i?, being exact componentwise. □ 

The subtle point in proving that the category of modules is a Grothendieck category, is to show that 
it has a generator. 

The lemma below generalizes the following well-known fact in module theory: let R and S be rings 
and let 0 be a ring homomorphism, given a right i?-module M and an element x e M S, there are 
elements mi,..., m„ e M and si,..., s„ e S such that x = 2"=! ® '**• 

Lemma 3.9. Let R and S be small preadditive categories, let (f: R S be a functor and let M e 
{R°P,Ah). Then, 

(1) there exists a family {ai : i e L} of objects of R, a family of sets {At : i e 1} and an epimorphism 
in {S°^,Ah) 

i€l 

(2) given b e ObS and a b-element f: Hi, —> fiifM) there exists a finite set {ui,..., a„} of objects of R 

and a morphism f' : ©(Li Ha, —► M such that f factors through that is 

©"=1 

,3 ' 

Mf') 

I 

Hb -/-^ (f)\M 

Proof. (1) Choose a family {ai : i G /} of objects of R, a family of sets {Ai : i e L} and an epimorphism 
in {R°P,Ah) 

^ M. 

i€l 

Since (j>\ is a left adjoint, it is cocontinuous and right exact, thus the following morphism is an epimor¬ 
phism 

i€l 

To conclude it is enough to show that <j)\{Hai) = H,j,(ai) for all i e L. But in fact, for all b e ObS, 

i4>'.iHai))ib) = Hom(-, ai) 0 Hom( 6 , <(>(-)) S Hom( 6 , <(>(ai)) = H,i,(ai){h) . 

( 2 ) follows by part (1), by the fact that Hb is a projective object (so that / can be lifted along the 
epimorphism constructed in (1)) and since it is finitely presented (so that our lifting factors through a 
finite sub-coproduct). □ 

Let i? be a small category, in what follows we denote by Mor(i?) the set of all morphisms in R. 

Corollary 3.10. Let R and S he small preadditive categories, let k, = max{|N|, |Mor(i?)|, |Mor(S')|} and 
let (j): R —>■ S be a right flat functor. Let M e {R°^,Ah) and let X be a set of elements of (f>\(M) such 
that \X\ K. Then, there exists M' ^ M such that 
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(1) \M'\ ^ k; 

(2) for all X e X, X is an element of 4>\{M)); 

(3) M' is pure in M and is pure in 

Proof. For any x e X, there is a finite family {ai(x),..., (a;)} of objects of R and a morphism 

fx '■ Hai(x) —> M such that x factors through (f\{fx). Consider the disjoint union 

B = |J{ai(x),...,a„j2;)}, 

x€X 


let / = ©^ex(©r=i->■ M, and set N = Im(/) ^ M. Consider the following 

observations: 


- \Hr\ |Mor(R)| ^ K for all r e Obi?; 

- |i3| ^ max{|N|, |X|} ^ k (as there is an obvious finite-to-one map B —> X). 

we can take M' ^ M such that N ^ M', M' is pure and 


By Lemma 2.4 \N\ ^ k. Using Theorem 


A.2 


\M'\ ^ K. To conclude it is enough to show that (ftfM') is pure in (ftfM). Indeed, given K e (B, Ab), 
we have to show that 0 —> (ftfM') <S)s K —> (f\{M) <Sis K is exact. But in fact, 


(j)\{M) ®s K = {M (g)R Hom(-, <E)s K ^ M (Hom(-, ®s K) , 

and the same holds for M', so that, letting K' = Hom(—, ((>(—)) {x)s K e (i?, Ab), we obtain that 
0 —> {x )5 K —> 4>\{M) {x)s K is exact if and only if 0 ^ M' ®r K' ^ M <S>r K' is exact, which is 

true by the purity of M' in M. □ 


Definition 3.11. Let R be a representation of a small category C and let M be a right R-module. Given 
a e C, c e ObC and a e OhRc, the morphism Ma induces a homomorphism of Abelian groups 


Ma.. Homjjjop Ab)(-l^a,Mc) ^ Aid) 

which sends f e Hom^^pp xb)(^a. Me) to the adjoint morphism of Ma o f with respect to the adjunction 
(«!,«*) (we are using implicitly the natural isomorphism a\Ha = iifl„(a)yl- 

The following lemma is the technical ingredient needed to prove that Mod-i? is a Grothendieck 
category, which will be concluded in the successive corollary. 

Lemma 3.12. Let R be a representation of a small category C, and let 

K = sup{|N|, |MorC|, |Mori?c| : c e ObC} . 


Let also M e Mod-i?, / g M^ and let N ^ M be a submodule such that |X| k. Then, there exists a 
submodule N' of M such that IX'I ^ k, X ^ X' and f e A'. 


Proof. Let N), be the i?c-submodule of Me generated by Ne and {Ma{f) : a e Endc(c)}. Furthermore, 
we let N(i be the 7?d-submodule of Md generated by Nd and IJaeHomc(cd) Ma{N'e) (where Me (A') = 
{Ma{f) ■ f e A'} is a set of elements of A^). It is not difficult to check that |A^| ^ k, for all d G ObC. 

Let now (/3: d —► e) G C, we want to show that Mp : Md —> (3*Me restricts to a morphism N'p : N'd —► 
l3*Ne. By Lemma 2.5 we should check that, for all a e OhRd and all /: Ha —> Nj —> Md, there 
exists g: Ha P*N(, —> (3*Me such that Mp o f = g. Indeed, by definition of N'e, the morphism 
Mp{f ): HR^(^a) Me factors through the inclusion N( —> Me, the desired map g: Ha —> (3*N'e —> (3*Me 
is the adjoint morphism to Mp{f) along the adjunction {f3\,l3*). □ 


Corollary 3.13. Let R be a representation of a small category C, then Mod-i? has a generator. 

Proof. Notice first that, by Lemma |3.12[ any i?-module M is the sum of its submodules A such that 
|A| ^ K (for K as in the statement of the lemma). Then, if we take a family of representatives X of all 
the i?-modules A such that |A| ^ k up to isomorphism, then X is a family of generators. Since Mod-dZ 
is cocomplete, ©X is the generator we are looking for. □ 


Remember that a poset is a small category C such that |Homc(c, d)| ^ 1 for all c,d e ObC. In the 
particular case when C is a poset we can prove that, given a representation iZ of C, Mod-iZ is not only 
Grothendieck, but it has also a projective generator (see Corollary 3.171. 
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Definition 3.14. Let C be a poset, let c G ObC and let R be a representation of C. The extension by 
zero functor at c, extc: Ab) —> Mod-i? is defined by sending an R^-module M to extc(M), where 


extc(M)d = 


j a\M 

[0 


if 0 Homc(c, d) 3 a; 
otherwise. 


and where the structural map is given by the following composition: 


extc{M)i3: {ad)\M 




■l3*p,iad)<M 




for all P e Homc(d, e), ad g Homc(c, d) and Oe e Homc(c, e). More explicitly, the component at a given 
b G Ob7?d of the above composition sends a .standard generator m0 f e {{ad)\M)b = ©aeObfl 
HomHj(fe, 7?c«a(a))/T to m 0 ° Rgif)) e p*{ae)<M. 

Furthermore, given a homomorphism fi: M —>■ N in Ab) and d e ObC, we let 


extc{<f)d = 



if a e Honic(c, d) 0; 
otherwise. 


One defines analogously the functor extj : {Rc, Ab) —> _R-Mod. 

To verify that extc(M) is a module one has to check the axioms (Mod.l) and (Mod.2). Indeed, the 
axiom (Mod.l) consists in verifying the commutativity of the following diagram: 


extc(M)« / 3 *extc(M).-, 

extc(M)d-^ P*extfiM)e -^ P*-y*extfiM )/ 

**‘^extc (M) j: 

0PY'extc{M)f 

where Od: c —► d, Oe: c —► e, a/ : c —► /, /3: d —► e, and 7 : e —> /. Let ns check commntativity on an 
element m0 h e {{ad)\M)b, (where m e Ma and h: b —>■ Rc,j{a), for some a e OhRc)'- 




where equality holds by the commutativity of the following diagram: 


R~,RQ{h'j R^{V'j3.a.)a 

R-,Rgib) -^ ^ R^R/saaia) 


(V~i,s)b (Vy,s) 

' (V.~iS,aOa 

R,Yb) -^ ^ 




■ Rli3ad (®) 


where the left-hand square commutes since is a natural transformation, while the right-hand square 
commutes by the axiom (Rep.l). 

Let us now verify (Mod.2). Indeed, given a^: c —> d, we have to show that, for all b e OhRc, 

((dd * ^dextc(M)d) ^ 6^tc(f\d)jdd)& “ (^dextc(M)d)b • 

This amounts to say that, given m0 h e {{ad)\M)b (with m e Ma and h: a —>■ RaYb) for some 
a G Ob7?d), 

m0 {{pidd.afilb o Rtddih) o {Sd)a) = m0h 
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and this equality follows by the commutativity of the following diagram: 


(<5d)a 


Ra^ (b) 

(Sd)Ro..(b) 

^ (M.d 

RiddRadib) 



' Roid (fi) 


where the left-hand square commutes since Sd is a natural transformation, while the triangle commutes 
by the axiom (Rep.2). 

Remark 3.15. Let C be a poset and let R be a right (resp., left) flat representation of C. Then, just 
by definition, extc (resp., extj) is an exact functor. 

Let C be a small category and let i? be a representation of C. Then there is a canonical functor 

ev^: Mod-R^ (Rc’’,Ab) 

called evaluation at c, that sends a right R-module M to Me and a morphism 0 to its c-component (pc- 
In the following proposition we are going to show that, in case C is a poset, extc is left adjoint to evc. 

Proposition 3.16. LetC be a poset and let R be a representation ofC. Then, for all M e Mod-i? and 
N e {R°^,Ah) there is a natural isomorphism 

HomMod-fl(extcAf, M) s Hom^^op _Ab)(A', Me). 

Proof. Define a map HomMod-fl(extcA^, M) —> Hom^^op Ab)(-^i Me) such that 

$(((>: extcAf ^ M) = {4>e: N ^ Mf) . 


It is easily seen that <1? is a group homomorphism. Let us show that $ is bijective. 

$ is injective. Take g Ker($), that is, (fc = 0. Let d G ObC, we want to show that <j)d = 0. This 
is clear in case Homc(c, d) = 0, so suppose a g Homc(c, d) 0. Notice that there is a commutative 
diagram 



where e and rj are respectively the counit and the unit of the adjunction (oqa*). This implies that 
(pd = 0, so that <j> = 0, as desired. 

$ is surjective. Let (j>: N —>■ Me. We are going to dehne a morphism ip: exte{N) —► M such that 'ipe = 4>'- 


i>d 


|(ec<jMrf o (ad),(Me,,j o0) 

[o 


where Sad is the counit of the adjunction ((od):, (od)*). 


if 0 Homc(c, d) G 
otherwise; 

Let us show that this defines a homomorphism 


16 



of right _R-modules. Indeed, consider the following diagram: 




where everything commutes either by definition, by the naturality of units and counits or by the unit- 
counit equations, apart from the squares marked by (•) and (••). But in fact, (•) commutes by the 
definition of module applied to M, while the commutativity of (••) is proved in Lemma [3.4[ □ 

As a consequence we obtain the following 

Corollary 3.IT. Let C be a poset, let c e ObC and let R be a representation of C. For all a e OhRc, 

HomMod-fl(extc(iLa), M) s Mc{a) . 


17 








































In particular, {H^ : CG ObC, a e Ob-Rc} is a set of projective generators o/Mod-R. 

The above results can be summarized as follows: 

Theorem 3.18. Let C be a small category and let R be a representation of C. Then Mod-R is an 
[AbA*) Grothendieck category. If furthermore C is a poset, then Mod-R has a projective generator. 

Let us underline another consequence of Proposition |3.16| 

Corollary 3.19. Let C be a poset and let R be a representation of C. If E is an injective object in 
Mod-R, then Ec is injective in (R°^, Ab) for all cG ObC. 


3.3 Flat modules 


In this subsection we introduce a tensor product for modules over a representation and then we study 
the induced notion of flatness. Let us start with the following 

Definition 3.20. Let R: C —>■ Add be a representation of the small category C, the tensor product over 
R is a functor 

— (S)fl — : Mod-R X R-Mod —► Ab 


such that 


(1) M N = 0^gobc Nc, for M g Mod-R and N g R-Mod; 

(2) given two morphisms (f: Mi M 2 , ip: Ni N 2 , respectively of right R-modules and left R- 
modules, we define 


<P<SiRip = 0 (pc (S)fle V’c : Ml <SlR Nl M 2 <SlR N 2 . 

ceObC 


A right R-module M is said to be flat if the functor {M <Sir —): R-Mod —> Ab is exact. 

Let us remark that the map ip <Sir ip in the above definition, when written in matricial form, gives a 
I ObC I X I ObC I diagonal matrix, whose diagonal entry corresponding to c G ObC is 

(pc®R„ Ipc'- (Mi)c{X)_r„ (M2)c ^ {Ni)c®R„ (iVzlc- 

Proposition 3.21. Let R be a representation of the small category C and let M be a right R-module. 
If Me is flat in (R°^, Ab) for all c G ObC, then M is flat. 

If furthermore C is a poset and R is left flat, then also the converse is true, that is, M is flat in 
Mod-R if and only if Me is flat in (R°^, Ab), for all c e ObC. 


Proof. Suppose first that Me is flat in (R°^, Ab) for all cG ObC and let 

0 —> Nl —> N 2 —> Ns —> 0 


be a short exact sequence in R-Mod. We should prove that 0 —> M ®r Ni —>■ M ®r N 2 —► M ®r Ns —► 0 
is exact in Ab, but this is clear since the coproduct is an exact functor and each Me ®Re — is an exact 
functor. 

Suppose now that C is a poset, that R is left flat and that M is flat in Mod-R. Choose c g ObC and 
let us show that Me is flat in (R(c)°^, Ab). Indeed, let 

0 —>■ Ai ^ A2 ^ As 0 

be a short exact sequence in (Rc, Ab). Then, 

0 —► ext*(Ai) —► ext*(A 2 ) —► ext* (A 3 ) —► 0 

is a short exact sequence in R-Mod, and so, by the flatness of M, the sequence 

0 ^ M ®R ext* (Ai) ^ M ®R ext* (A 2 ) ^ M ®r ext* (A 3 ) ^ 0 

is exact in Ab. Since the morphisms in the above short exact sequence are diagonal matrices, it follows 
that the following sequence is short exact 

0 ^ ( 7 ri)c(M ®R ext* (Ai)) ^ {K 2 )e{M ®r ext* (A 2 )) ^ {TTs)eiM ®R ext* (A 3 )) ^ 0 , 

where ('Ki)e: ©deobcextJ(Ai)d ^ Me ®Re extJ(Ai)c = Me ®Re Ai (for i = 1,2,3) is the 
canonical projection from the coproduct in Ab. Thus, we obtained that the following sequence is short 
exact 

0 —> Me ®Re Al —> Me ®Re A 2 ^ Me 0Re A 3 ^ 0 , 

proving that Me is flat. □ 
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3.4 The category of cartesian modules 

Definition 3.22. Given a representation R: C ^ Add of a small category C, the category o/ cartesian 
modules Modcart (-R) is the full subcategory o/Mod-i? whose objects are the modules M such that, for any 
given morphism a: c ^ d in C, the adjoint morphism [Ma )\: ai{Mc) —> Md to the structural morphism 
Me : Me —> a*{Md) is an isomorphism. 

The main result of this subsection is to show that the category of cartesian modules over a flat 
representation is Grothendieck. 

Theorem 3.23. Let C be a small category and consider a right flat representation R: C —>■ Add. Then, 
the category Modcart(^) is Grothendieck. 

Proof. We start showing that Modcart(-R) is an Abelian subcategory of Mod-i?. In fact, it is clear that 
the 0-module is cartesian. Let 0: M —> be a morphism between two cartesian modules, one has to 
show that Ker(0) and CoKer((/)) are again cartesian. This is always true for CoKer((/)), and it can be 
shown to be true for Ker(</)) using the flatness of R. Similarly, given a family {Mi : i e 7} of cartesian 
modules, one can show that the coproduct (£ij Mi taken in Mod-7? is cartesian, so that Mi is a 
coproduct in Modcart(7?). 

As for the category of modules, the most subtle point is to verify that Modcart(7?) has a generator; the 
rest of the subsection is devoted to the proof of this fact. □ 


Let us denote by [1] = {0 —> 1} the category with two objects and just one non-identical morphism 
between them. A representation 77: [1] —> Add is completely determined by the functor </>: Rq —► 7?i. 
This allows us to consider morphisms between small preadditive categories just as a representation of 

[1]. Notice also that an 77-module M is determined by a pair of modules Mi e (77°^, Ab) (i = 0,1) and 
a morphism Mq ^ (j}*{Mi). Furthermore, M is cartesian provided the adjoint morphism {Mf)\ is 
an isomorphism. 

Lemma 3.24. Let Rq and Ri be two small preadditive categories, let k = max{N, |Mor(77o)|, |Mor(77i)|}, 
let also 77 = {4>'. Ro —► 77i} be a right flat representation of [1] and let M = {Mo —* <j)*{Mi)} be a 
cartesian module over 77. Given two families Xq and Xi of elements of Mq and Mi respectively, such 
that 1 X 01 , 1 X 1 ! ^ K, there exists a cartesian submodule N = {Nq (f>*{Ni)} ^ M such that jXj ^ k, 
Xo c No and Xi c Xi. Furthermore, we can take Ni pure in Mi (i = 0,1). 


Proof. By Corollary 3.10 there is M' ^ Mo such that Xi ^ tjufM') and |A7'| k. We define N as 
follows: we let No ^ Mo be a pure submodule of Mq containing M' and Xo and such that jXoj k, 
and Ni = tjvfNo) ^ (fxfMo) = Mi. The morphism N^f, is just the restriction of M,p. It is now easy to see 
that N satisfies the properties in the statement. □ 


Proposition 3.25. In the setting of Theorem 3.23\ let n = sup{|N|, jMorCj, |Mor77c| : c G ObC} and let 
M be a cartesian right R-module. Let ce ObC and let x G M^. Then there exists a cartesian submodule 
Mx ^ M of type k (i.e., \Mx\ ^ k) such that x e {Mx)c and {Mx)d pure in Md for all d G ObC. 


Proof. Choose a well-ordering for MorC and notice that any initial segment in MorC has cardinality 
^ K. We consider also the poset N x MorC with the lexicographical order. We proceed by induction on 
N X MorC to construct a family {Yn.a ■ ot e MorC} of 77-submodules of M such that: 

(1) X G {Yo,aa)c, where ao is the least element of MorC; 

(2) if (n, a) ^ (m, /?) G N x MorC then Yn,a ^ Xm./s; 

(3) given (n, a: c —» d) G N x MorC, the module {Yn,a)c —► ce*{Yn.,a)d is cartesian (when considered as 
a module over the representation 77c Rd of [1]) and (Tn,a)c ^ Me pure for all c e ObC; 

(4) jTn.aj ^ for all (n, a) G N x MorC. 

Our Mx will be just the direct union (in Mod-77) Mx = Q:)eNxMorC deduce easily by 

(l)-(4) that X G {Mx)c, that {Mx)c is pure in Me and that \Mx\ ^ k. The fact that Mx is cartesian 
can be shown as follows: let (/ 3 : Ci —► C 2 ) G MorC and notice that the countable family {Tn./S : n G N} 
is cofinal in {Y„^a ■ (n,a) G N x MorC}, so that there is a canonical isomorphism Mx = UneN^"./3- 
particular, the map p\{Mx)ci {Mx)c2 is an isomorphism as it can be identified with the direct limit of 

the isomorphisms P\{Yn,p)ci (Wi,/ 3 )c 2 with n G N (here we are using also that fi, being a left adjoint, 

commutes with colimits). 

Thus, let us construct inductively the family {Yn,a : (n, a) G N x MorC}. We start constructing Yb.ao, 
where qq : Ci —► C 2 is the least element in MorC. We proceed by steps: 
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(i) 


(ii) 


(iii) 


first we let Xo(d) = {Ma(x) : a e Homc(c,d)}, so that Xo(d) is a family of elements of Md, for all 
d e ObC, such that Xo(d) ^ k; 


secondly, we use Lemma 
is a cartesian (-R(ci) 


3.24 


to construct Xi{ci) ^ pure so that Xi(ci) —* q:q(Xi(c 2 )) 
i?(c 2 ))-submodule of —> a*Mc 2 , such that Xo(ci) c Xi{ci) (for 

i = 1,2). Furthermore, d ^ ci,C 2 , we let Xi{d) = Xo(d). Notice thus that Xo(d) c Xi(d), and 
|X?(d)| ^ K for all de ObC; 

now let Tg ag be the minimal dZ-submodule of M such that Xj (d) c (Tq ^p)d, for all d e ObC; 


(iv) 


for all n e N, we iterate inductively the above three steps to construct Indeed, suppose we 

already constructed for some n e N and proceed as follows 


• let X"+^(d) = for all d e ObC; 

• construct X"^^(ci) ^ a*( 02 )) using Lemma 3.24 and we let X”^^(d) = XQ'^^{d) for 


d ^ Cl, C2 


• hnally let be the minimal i?-submodule of M such that Xg'^^{d) c (TQ'^^)d, for all 

d e ObC; 


(v) in this way we constructed a chain {Tg^ao : n e N} of i?-submodules of M. We define Yo,ao to be 
the union of this ascending chain. 

It is clear that Vb.ao satisfies conditions (1) and (4), while condition (2) is empty in this case. One 
should only verify property (3), that is, the morphism ( 00)1 (Lb,ao)ci —► {Xo,ao)c 2 is an isomorphism but 
this follows by construction, in fact there are ascending chains of i?(ci)-modules {i = 1 , 2 ) 


Xi°(cO ^ ^ Xl{ci) ^ ^ ^ ^ (To%o)c 


^Xr+^(ci) ^ ... 


showing that the map (ao):(Lb,ao)ci (^o,ao)c 2 is in fact the direct union of the isomorphisms 
(ao)!Xi‘(ci) —► Xi{c 2 ) (for n e N), and it is therefore an isomorphism. 

Now that we have constructed Vo,c«o) lef us proceed with the inductive step. Indeed, let (m,/3: ci —► 
C 2 ) e N X MorC and suppose we have already constructed Xn.a for all (n, a) < (m, jd). Then we construct 
Ym,p using the same steps as we did for Vo,a, with the obvious change of notation from To cq to in 
steps (iii) to (v) and changing step (i) by the following 

(i') first we let Xg(d) = il(u,c)<(rn„/3) {Yn^c,)d, SO that Xo(d) is a family of elements of Md, for all 
d e ObC, such that Xo(d) ^ k. 

In the same way as we did for Yg^ag, one shows that Tm ,/9 satisfies properties (1), (3) and (4), while 
property (2) holds by construction and (i'). □ 

Corollary 3.26. In the setting of Theorem \3. 23\ Modcart(d?) has a generator. 

Proof. Let k = sup{|N|, |MorC|, |Mori?c| : c e ObC}. By the above proposition, given a cartesian right 
7?-module M, c g ObC and x g Mg, there is a cartesian submodule M^. ^ M of type k such that 
X G {Mx)c. Then, it is easily seen that XlcEObC SaieM ~ ^■ Thus, any cartesian i?-module M is 
the sum of its cartesian i?-submodules of type k. The statement can then be derived taking a set X of 
representatives of the cartesian modules of type k, so that S generates Modcart(d?). □ 


4 The representation theorem 

4.1 The induced change of base 

Let R and S be two rings, let cf: i? —> 5" be an endomorphism and consider the change of base adjunction: 

(fr. Mod-i? Mod-S: (f* . 

Using the right exactness of <j)\ it is not difficult to see that 4>[{F) is finitely presented provided F is 
hnitely presented. In this way we obtain a functor 

4? = {cj>\) fmod-j?: mod-i? ^ mod-S". 

Since 4? is an additive functor between additive categories, it induces a change of base adjunction 

-F,: ((mod-i?)°^,Ab) ^ ((mod-5')°^,Ab): -F* . 
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We obtain the following squares: 


{{mod-R)°P, Ab) ((niod-5)°J’, Ab) {{mod-R)°P, Ab) ((mod-5)°’’, Ab) 

,, A A A 

Mod-E- - -^ Mod-5 Mod-iZ - — -Mod-5 

(4.1) 

where the vertical arrows are the contravariant Yoneda embeddings Y. 

Proposition 4.1. In the above setting, given N e Mod-5 and M e Mod-i?, 

(1) cE>*y(A) s Y((>*(iV); 

(2) tS>,Y{M) ^Ycl>,{M). 

Furthermore, the isomorphism in (1) extends to a natural isomorphism of functors <l?*y = Y(j>*. 

Proof. (1) Just by definition, 

<E>*y(iV) =Homs(<E>(-),Y)Uod-H = Homs(<)>.(-),Y)rn,od-fl and Homfl(-, <?!>*(iV)) = y<)>*(iV), 

so the isomorphism ^*Y{N) = Y<j)*{N) follows by the fact that (f», is left adjoint to cf*. It is now clear 
that this isomorphism is natural and it extends to maps to give the natural isomorphism 4>*y = Y(j>* . 

(2) Let now P be a finitely presented right i?-module and let us prove that <l?!y(P) = Y(j)\{F). Indeed, 
for all G e mod-5, 

^\Y{F){G) = Homfl(-,F){x)Homs(G,4-(-)) S Homs(G, 4>(F)) = Homs(G, (/)!(P)) = Ycj),{F){G). 


Take now a general right i?-module M and write it as a direct limit of finitely presented modules 
M = lim, Fi. Then, for any finitely presented module F you get Homfl(P, lira , Fi) = lim, Homi{(T’, Tj), 
so there is an isomorphism Homj;(—, lira . Fi) fmod-r? = liar . Hommod-iiC—, Fi) in ((mod-i?)°^, Ab). Then, 

4-!y(M)(G) = Homfl(-, M) (n^od-fl (x) Homs(G, $(-)) 

S ( lim Hommod-fl(-,P»)) <E) Homg(G, 4»(-)) 

S lini(Hommod-fl(-, Fi) (x) Homs(G, $(-))) 

i 

slim(Homs(G,4-(Fi))) 

i 

= Homs(G,lim<E>(P,)) 

i 

= Homs(G,<^!(limT'i)) = Homs(G, (?i,(M)), 


where we used that the tensor product (of modules), the tensor product of functors and the covariant 
hom-functor corepresented by a finitely presented object commute with direct limits. □ 

As a corollary to the above proposition we obtain that both 4>! and 4>* preserve flat functors: 
Corollary 4.2. In the above notation, restricts to a functor 

Flat((mod-5)Ab) —> Flat((mod-i?)°^, Ab) 


and 4>! restricts to a functor Fla,t{(mod-R)°^, Ah) —> Flat((mod-5)°^, Ab). 


Proof. We have to show that, given an object A4 in Flat((mod-5)°^, Ab), then 'l'*(A4) is flat. In¬ 
deed, by Crawley-Boevey’s Theorem A4 = Y{M) for some M e Mod-5, and so, by Proposition 4.1 
'3>*(Af) = 'l'*y(M) s Y(f>*{M), which is flat by Crawley-Boevey’s Theorem. The second statement 
follows similarly. □ 
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By the Crawley-Boevey’s Theorem, if we restrict the codomain of Y: Mod-i? —> ((mod-i?)°^, Ab) to 
the full subcategory of flat functors, then Y has a quasi-inverse Y~^: Flat((mod-i?)°^, Ab) ^ Mod-i?. 
Using also Corollary |4.2[ we obtain the following squares: 


Flat((mod-_R)°’’,Ab) 


Flat((mod-S)°’’,Ab) 




Flat((mod-i?)°J’,Ab) — Flat((mod-5')°^, Ab) 


Mod-i? 


Mod-S" 


Mod-i? - 


Mod-S' 


(4.2) 


Corollary 4.3. In the above notation, the following natural isomorphisms of functors hold true: 

(■I?*) fFlat((mod-S)°P,Ab) = ^ and ($!) f piat((mod-fl)°P,Ab) = U())! U 


Proof. For the first isomorphism use the fact that ^*Y = Y(f* (see Proposition 4.1 ) and that, YY~^ = 
*dFiat((mod-s)°p,Ab), SO that 4>* = ^*YY~^ = Y<I>*Y~^. For the second isomorphism use the fact that 
Y(l)\Y~^ is a left adjoint to Y(I)*Y~^ (as the composition of left adjoints is left adjoint and quasi-inverses 
are left and right adjoints) and that (4>!) fFiat((mod-fl)pp,Ab) is a left adjoint to ($*) fFiat((mod-S)°p.Ab)- 
Hence, (tOi) fFiat{{mod-H)°p,Ab) = Y(f)iY~^, as they are adjoint to isomorphic functors. □ 


We have now all the background needed to prove the following 

Lemma 4.4. Let <j): S be a ring homomorphism and let <F = {(fl) fmod-ij: mod-R mod-5. Given 

a morphism fM —>■ 4>* N, with M e Mod-i? and N e Mod-5, the following are equivalent: 

(1) the adjoint morphism g: (f>\M N is an isomorphism; 

(2) the adjoint morphism G: ^,Y{M) Y{N) to F = Y{f)-. Y{M) Y{(I>*N) S <F*U(Ar) is an 
isomorphism. 


Proof. Consider the following commutative square: 


Hom(yM,4>*yiV) 

i 

Rom{YM,Y(l)*N) 

t 

T 

}lom{M,(j>*N) - 


Hom(4>;yM, YN) 

i 

T 

Hom(Yct),M,YN) 

t 

T 

^RomicfiM, N) 


where the horizontal arrows are given by the adjointness of (f>*) and (il?!, $*), while the vertical arrows 
are constructed applying the contravariant Yoneda functors and using the natural isomorphisms 4>* Y ^ 
Y(f* and i&iy = Ycfi. By this diagram one can see that the morphism G is Y{g) composed with an 
isomorphism. Since Y reflects isomorphisms, G is an isomorphism if and only if g is an isomorphism. □ 

In what follows we will need to work with the hbers of the covariant Yoneda functor 

y* : (mod-i?)°^ ^ (mod-ii, Ab) 

that associates to a finitely presented right i?-module F the covariant hom-functor Hom_B(F’, —) fmod-H- 
In this particular case there is a nice description of the fibers. Indeed, fix an object H : mod-i? ^ Ab in 
the functor category, then 

- the objects of (mod-i?)J])^ are pairs {F,f), where F e mod-i? and / e H{F) (in fact, it is possible 
to identify Hom(mod-H,Ab)(Homfl(F’,-), Ff) and H{F)); 

- a morphism T: {F, f) —► {F', f') in (mod-i?)°])^ is a homomorphism T-. F' ^ F m mod-i? such 

that H{T ): H{F') H{F) sends /' /. 

Proposition 4.5. In the above notation, if 4>\: Mod-i? —► Mod-5 is exact, then <I>! : ((mod-i?)°^, Ab) —> 
((mod-5)Ab) is exact. 
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Proof. For any finitely presented right 5'-module G consider the evaluation functor eve : ((mod-5) Ab) 
Ab such that evc{F{—)) = F’(G)- One can see that $1 is exact if and only if the composition 
evG ° $! is exact for all G e mod-5. On the other hand, there is a natural isomorphism of functors 
evG o $! = (— (x)mod-fl Homs(G, $(—))). Thus, we are reduced to verify that the functor 


Homs(G, $(—)): mod-J? —> Ab 


is flat (see 27 ),which is equivalent to say that the fiber Fg = ((mod-i7)°^)/Homs{G,«{-)) of fh® Yoneda 
embedding (mod-—► (mod-i?, Ab) over Homs(G,$(—)) G (mod-i?, Ab) is filtered from above. In¬ 
deed, J-G is not empty since it contains the object (0, 0 e Hom 5 (G, 0)). Furthermore, given two objects 
{A, a e Homs(G, ‘I>(A)) and {A', a'Homs(G, $(A')), we can consider the direct product Ay. A' e mod-/? 
with the two canonical projections -n: Ay A' A and -k'■. A y Al —> A'. Then, tt and n' induce 
morphisms in Tg respectively from [A, a G Homs(G,'1?(A)) and from {A', a' G Homs(G, il?(A')) to 
(A X A\ (a, a') g Homs(G, $(A x A'))) (here we are using implicitly the fact that Homs(G, <E>(A x A')) = 
Homs(G,$(A)) X Homs(G, <E>(A'))). 

It remains to check the condition on a pair of parallel morphisms 


oi, 02 : {A, a G Homs(G, -1>(A)) {A', a e Homs(G, $(A'))), 


that correspond to two morphisms 01 , 02 : A' ^ A such that <I>(oi) o a' = 'l>(o 2 ) o a' = a. Indeed, we 
have to find a finitely presented module B e mod-R, a homomorphism b-. G —>■ 'I’(B) and a morphism 
13: B ^ A' such that 'F(/3) oh = a' and aij3 = 02/3. Let o = oi — 02 and consider its kernel k: Ker(o) —> 
A' in Mod-i? (let us stress the fact that Ker(o) may very well not live in mod-i?). Since (j>\ is exact, it 
commutes with kernels and so Ker(<I>(o)) = <()!(Ker(o)). Thus we obtain a morphism G —> (()!(Ker(o)) 
such that the following diagram commutes 


Ker($(o))-s- $(A')-^ <1>(A) 

A 
3 ! ; 

G 



Now write Ker(o) as a direct limit of finitely presented modules Ker(o) = lim^ Bi and notice that, 
since G is finitely presented, there exists j e I such that the morphism G —> 4)[{KeT{a)) = lirn ^ ^{Bi) 
factors through the structural map ^{Bj) —* ()i!(Ker(o)). Let B = Bj, denote by fo: G —>■ B the map we 
obtained and let /3: 73 —> A' be the composition of 73 —> Ker(o) and Ker(o) —> A'. It is now easy to 
check that /3: (A', a') —> (73, &) satisfies the required conditions. □ 


4.2 The induced representation 

Let R: C Ring be a strict representation. The aim of this section is to define an induced representation 
73/p: C —> Add and to construct a functor Y: Modcart(73) —> Modcart(73/p). 

Definition 4.6. Let R: C ^ Ring fee a strict representation. We define the pseudofunctor Rfp'. C —> 
Add as follows: 

- Rfp{c) = mod-73c, for all c G ObC; 

- Rfp{a) = at fmod-fle: mod-73c —> mod-73d, for all {a: c —>■ d) e C; 

- given c d e, we let : Rfp{/3)Rfp{a) —> Rfp{Pa) he the morphism described in Lemma 
|g. 75[ that is, given F e mod-Rc, 

tip,a : Rfp{l3)Rfp{a)F = (7^(x)i{^ 73d) Re —> 7^®i?c Re = Rfp[P<F)F 

(/(S)r-i){x)r2 I—>• f®Rp{ri)r2 ; 

- given c G ObC, fee: > Rfpiidf) is the natural transformation such that, for all F e mod-73c, 

{Sc)f: idjifp(c)F = F —► F 73 c = Rfp{idc) 
ft -> /{X) . 

It is an easy exercise on tensor products in categories of modules to check the axioms (Rep.l) and 
(Rep.2) that make 73/p a representation. 
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Lemma 4.7. In the notation of Definition \f.(^ R is a right flat representation if and only if Rfp is 
right flat. Furthermore, Rfp is always left flat. 

Proof. The first part of the statement is a direct consequence of Proposition |4.5[ so it remains to show 
that Rfp is always left fiat. Indeed, given (a: d) e C we should prove that the functor 

Hommod-(a)(-),-) (S)mod-H„ (mod-7?c,Ab) -► (mod-7?d,Ab) 

is exact. Equivalently, we have to prove that 

Hommod-j?i(i?/p(a)(-), A): (mod-7?c)°^ ^ Ab 

is a fiat functor for all K e mod-i?d. Since (mod-7?c)°^ is finitely complete, it is enough to show that 

Hommod-Hi(A/p(a)(-), A): (mod-Ac)°^ ^ Ab 

is left exact (see [^), which is true as Hommod-i?d(A/p(a)(—), A) is the composition of the left exaclj^ 
functor Rfp(a)°^\ (mod-Ac)► (mod-Ad)°^ followed by Hommod-fl,j (—, A): (mod-Ad)°^ —> Ab. □ 


We can now start to relate the two categories Mod-A and Mod-A/p. 

Definition 4.8. Let R: C ^ Ring be a strict representation and let Y^'. Mod-Ac —> ((mod-Ac)°’’, Ab) 
be the contravariant Yoneda functor, for all c e ObC. We define a functor Y: Mod-A —> Mod-A/p as 
follows: 


given a right R-module M, we let Y{M) be such that Y{M)c = YflMf), for all ce ObC. Further¬ 
more, 

Y{M)^ : W(M,) Y,a*Mi A*YaMa , 

for all a e C, where the map YcCe*Md —>■ A*YcMc sends a morphism f e Homp}^ (A, a*Md) to 
its adjoint morphism {ea)M„ o ^ Hom_R_j( qiA, Md) = A*YdMd (here Ec is the counit of the 

adjunction ( 01 , 0 *) as described at the beginning of Section 2.3); 

given a morphism (j>: M —>■ N in Mod-A, we let Y{(j>): Y{M) —> Y{N) be the morphism such that 
Y{<l))c = Y,{<j),), for all c e ObC. 


Let us verify that the above definition is correct: 

Lemma 4.9. In the notation of Definition\4.^ Y: Mod-A—> Mod-A/p is a well-defined functor. 


Proof. Given a right A-module M, let us verify that Y{M) is a right A/p-module. Let us fix some 
notation first: given (q: c d), {(j-. d —> e) e C, let 7 = fla: c —> e be their composition, let 
(a!,a*), (z?!,/?*) and ( 71 , 7 *) be the change of base adjunctions relative respectively to Ra'. Rc —► Rd, 
A /9 : Rd —> Re and A-,: Ac —► Re, while we let (Ai,A*), and be the change of 

base adjunctions relative respectively to Rfp{a): mod-Ac —► mod-Ad, Rfp{P): mod-Ad —► mod-Ae 
and A/p( 7 ): mod-Ac —> mod-Ae. 

Let us verify first the axiom (Mod.l), that is, we should show that the following diagram commutes: 


A*Y(M)a 



In fact, almost everything commutes either by definition, naturality of transformations, or since A is a 
strict representation; let us only comment on the commutativity of the triangle on the right-hand side. 
Indeed, by Lemma 3.4 Eg o p,{Ea)i 3 * = £7 o ° P\Ci\{(rp,a) = £70 {Tp,a)-i* (in fact, is the 


identity since A is strict). Furthermore, in our case rp^e, (relative to the representation A) and 
(relative to the representation A/p) coincide. Now it is easy to check commutativity on elements. 

Verifying the axiom (Mod.2) is just an exercise on definitions and tensor products. Similarly, it is 
not hard to check that Y respects composition of morphisms and identities. Thus, V is a well-defined 
functor as desired. □ 


^Indeed, a, is right exact as it is left adjoint, so that Rfp(a) is right exact, as it is the restriction of a; to a finitely cocomplete 
subcategory, thus, A/p(o)°^ is left exact. 
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The following corollary, which is a direct consequence of Lemma [4.4[ shows that the functor Y : Mod-i? 
Mod-.Rj'p described above, induces by restriction a functor Modcart(^?) —> Modcart(^/p)- 

Corollary 4.10. In the notation of Definition \4-^ let M e Mod-R. Then, M is cartesian if and only 
if Y{M) is a cartesian. 


4.3 The Representation Theorem 

We can now state our main result after introducing the following notation: 

Definition 4.11. Let R: C ^ Ring be a strict representation of the small category C and let Rfp : C —> 
Add be the induced representation (see Definition \4.h^ . Tef L.Flat(Mod--R/p) (resp., L.Flat(Modcart(-R/p)) ) 
be the full subcategory of Mod-Rfp (Modca,rt{Rfp)), whose objects are the (cartesian) modules M such 
that Me e Flat((mod--Rc)°^, Ab), for all ce ObC. 

The following corollary is a direct consequence of Proposition |3.21| 

Corollary 4.12. In the notation of Definition let M e Mod-Rfp. If C is a poset, then M G 

L.Flat(Mod-7?/p) if and only if M is flat in the sense of Definition \3.2^ 

Proof. By Proposition |4.7[ Rfp is a left flat representation of a poset, so that Proposition |3.2l] directly 
applies to give the desired conclusion. □ 

Theorem 4.13. Let C be a small category and let R: C —> Ring be a strict representation. Then the 
Yoneda functor Y : Mod-i? —> Mod-i?/p induces equivalences 

Mod-i? = L.Flat(Mod-i?/p) and Modcart(R) = L.Flat(Modcart(R/p)) • 

Proof. Using Theorem |2.18[ it is easy to see that the image of Y is in L.Flat(Mod-7?/p). Let us show first 
that Y induces the equivalence on the left-hand side. Indeed, we have to show that Y is fully faithful 
and that the image of Y is isomorphism-dense in L.Flat(Mod-J?/p): 

Essential surjectivity: given M G L.Flat(Mod-i?/p), Me e Flat((mod-Rc)°^, Ab) for all ce ObC and 
so we can define Me = Yfl^(Me) = Me{Rc) (so that Me = Homji(e)(—, Me) fmod-fl{c))- 

Let us briefly describe the right i?c-module Yf~^{A*Md) = {A*Md){Rc). Indeed, as an Abelian 
group this is exactly Md{Rc®Re Rd)- Furthermore, given r G Re, consider the following homomorphism 
of right i?d-modules: 

\r: Rc®Re Rd ^ Rc®Re Rd such that \r(r-i ® r 2 ) = {rri) ® r 2 . 

Since Md is contravariant, we obtain a right i?c-module structure on Md{Rc ®Re Rd), where the right 
multiplication by r G Rc acts as MdiM). Similarly, a*Md{Rd) is a right Rc-module, where the right 
multiplication by r e Re acts as MdiI^Re,(r))- 

Applying Md to the isomorphism of left Rc-right R^-modules Re®Re Rd —> Rd such that (ri®r 2 ) '—>■ 
Ra(ri)r 2 , with obtain an isomorphism of right Rc-modules 

: Ye-\A*Md) ^ a*Yfl^Md ■ 

We define Me, : Me —> a*Md as the following composition: 

V~^A4a f 

Me = Yfl^Me -^^ Ye~\A*Md) - a^Yfl^Md = a*Md . 


With this definition, it is not difficult to show that M is a right R-module and that Y{M) is 
isomorphic to M since, being M locally flat, A4c = YeYfl^Me, for all c G ObC. Thus, any locally flat 
right R/p-module is isomorphic to a module in the image of Y. 

Full faithfulness: let 'F: Af ^ A/” be a morphism in L.Flat(Mod-R/p). Then, we can define 4>: M ^ N 
(with Me = Yfl^Me and Ne = Yfl^Me as above), as the morphism such that (j>e = Yfl^^e, then 
Y[(f>) = <1>, proving that Y is full. For the faithfulness it is enough to use that each Ye is faithful. 


The second equivalence in the statement follows using the already proved full faithfulness, and the 
fact that Y{M) e Modcart(R/p) if and only if M G Modcart(R) (by Corollary 4.101, so that the essential 
surjectivity proved above restricts to cartesian modules. □ 


The above theorem allows for a good purity theory in Mod-R and Modcart(R), as the following 
definition and corollary show: 
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Definition 4.14. Let C be a small category and let R\ C —* Ring be a strict representation. A short 
exact sequence 0 ^ N ^ M —>■ M/N — > 0 in Mod-J? (resp., Modcart (R)^ is said to be pure-exact 
provided 0 —> Nc Me. Mc/Nc 0 is pure-exact for all c e ObC. 

In fact, when C is a poset, the above notion coincides with the intuitive idea of pure exactness: 

Lemma 4.15. LetC be a poset and R-. C —* Ring be a strict representation. Then a short exact sequence 
0—>A^—>M—>0 in Mod-i? (resp., Modcart(R) ) is pure exact if and only if 

0^ N^X ^ M(g)X ^ M/N®X ^ 0 

is a short exact sequence of Abelian groups for all X e Mod-R. 

The following corollary is a direct consequence of Theorem |4.13| and Corollary |2.19| 

Corollary 4.16. Let R: C ^ Ring be a strict representation of the small category C. Then a short 
exact sequence 0—>Af—>M—>0m Mod-R is pure-exact if and only i/0 —> Y{N) —> Y{M) —> 
Y{M/N) —> 0 is exact in Mod-R/p. 

5 Pure injective envelopes and the pure derived category 

5.1 Covers, envelopes and cotorsion pairs 

Throughout this section the symbol Q will denote an exact category. 

Definition 5.1. Let £ be a strictly full subcategory of Q. A morphism <(>■. M ^ L of Q is said to be an 
£-preenvelope of M if L e £ and if Hom(L, L') —> Hom(M, L') 0 is exact for every L' e £. If any 

morphism f: L ^ L such that f o cf = cf is an isomorphism, then it is called an H-envelope of M. If the 
class £ is such that every object has an £-(pre)envelope, then £ is called a (pre)enveloping class. The 
dual notions are those of £-(pre)covers and (pre)covering class. 

The (pre)envelopes and (pre)covers use to take the name of the class over which they are constructed. 
Thus the notions of injective (pre)envelopes, pure-injective (pre)envelopes, flat (pre)covers, etc. appear 
naturally in the exact categories where the corresponding classes can be defined. 

Given a class of objects T in Q, we will denote by the class 

= {Ce Ohg : Ex 4(R, C) =0, VR e X}, 

and by the class 

^X={Ge Ohg : Ext^(G,D) = 0, VD e X}. 

A pair of classes {X,C) in g is called a cotorsion pair provided that X^ = C and = X. The cotorsion 
pair {X, C) is said to be complete provided that for each Meg there are admissible short exact sequences 
0-*C^F^M-*0a,nd0-*M^C'-*F'-*0 where F,F' eX and C, C e C. Then 0 ^ M C 
is a C-preenvelope of M with cokernel in X. Such preenvelopes are named special preenvelopes. Dually, 
R —» M —► 0 is a special R-precover. 

A class R in 5 is said to be resolving if it is closed under kernels of admissible epimorphisms in R. A 
cotorsion pair (R, C) in g is called hereditary whenever Extg(R, C) = 0, for all R e R, G e C and n ^ 1. 

A pair of classes (R, R^) is cogenerated by a set S <£ X provided that G e R^ if and only if 
Extg(R, G) = 0, VR e S. If the pair (R, R^) is cogenerated by a set, and R is closed under extensions 
and direct limits (indeed a weaker condition suffices) we get from Theorem 2.5] that every object M 
has a special R^-preenvelope. One standard way of getting the “cogenerated by a set” condition, is to 
check that the class R is Kaplansky and closed under direct limits. We recall now the definition of a 
Kaplansky class: 

Definition 5.2. Let g be a Grothendieck category. Let X be a class of objects in g and let k be a 
regular cardinal. We say that X is a K-Kaplansky class if for each Z c F, with F e X and where Z is 
K-presentable, there exists a K-presentable object S A 0 such that Z c S c F and S,F/S e X. We say 
that X is a Kaplansky class if it is n-Kaplanksy for some regular cardinal k. 


26 






5.2 Pure injective envelopes 


The first application of Theorem |4.13| is the existence of pure-injective envelopes in Modcart (f?) • 
recall that E e Modcart (f?) is pure-injective if every pure exact sequence 
Modcart(f?) (in the sense of Definition 4.141 splits. 

The cartesian modules belonging to L.Flat(Modcart(i?/p))^ will be called cotorsion modules. 


We 
0 in 


Lemma 5.3. Let R\ C -i-King be a strict representation. The class lj.Flat{Modca,Tt{Rfp)) in Modcart(f?/p) 
IS a Kaplansky class. As a consequence every M e Modcart(f?/p) has a cotorsion envelope whose cokernel 
belongs to L.Flat(Modcart(f?/p)). 


Proof. The first part follows as in Proposition |3.25[ using Appendix A. Then, since L.Flat(Modcart(f?/p)) 
is closed under extensions and direct limits, a standard argument (see Proposition 2]) shows that 
the pair (L.Flat(Modcart(f?/p), L.Flat(Modcart(f?/p))^) is cogenerated by a set. Therefore we can apply 
Theorem 2.5] to infer that every M e Modcart(f?/p) has a cotorsion preenvelope with cokernel in 
L.Flat(Modcart(f?/p)). Now, by [35| Proposition 2.2.1 and Theorem 2.2.2] it follows that M has a 
cotorsion envelope with cokernel in L.Flat(Modcart(^/p)- □ 


Theorem 5.4. Let R-. C ^ Ping be a strict representation. Every M e Modcart(P/p) has a pure- 
mjective envelope. 


Proof. Once we have established the equivalence Modcart(P) = L.Flat(Modcart(P/p)) the proof follows 


and the fact that pure-injectives in Modcart(P) are in 1-1 correspondence with cotorsion cartesian mod¬ 
ules in L.Flat(Modcart(P/p)). Then, given M e Modcart(P), its pure injective envelope is the cartesian 
module E e Modcart(P), such that Y{E) is the cotorsion envelope of y(M) in L.Flat(Modcart(P/p)). □ 


the same lines as the proof given by Herzog in [17[ Theorem 6]; the main ingredients being Corollary 4.16 


5.3 Induced cotorsion pairs in a Grothendieck category 

Proposition 5.5. Let Q be a Grothendieck category. Let T be a strictly full additive subcategory which 
IS resolving and closed under taking extensions. Let us denote by (7^, Extjjr) the induced exact category 
on T. Consider a subclass £. c E such that: 

( 1 ) jC is Kaplansky; 

(2) C is closed under direct limits and extensions; 

(3) C contains a generator o/(J^, Ext]jr). 

Then the induced pair {C,C^ n is a hereditary and complete cotorsion pair in (J^, Ext]^). 

Proof. Let us denote by the orthogonal computed inside (J^, Extjjp). Therefore 

C^^={CeE-. Ex 4(L,C') =0,VLe£}. 

It is then clear that n E. Now let S so S £ E. We need to show that S £ C. 

By the hypothesis, there exists an epimorphism L —> S' —► 0, with L £ C. Since E is resolving, 
K = Ker(Z/ S) £ E. Now, there exists a short exact sequence 0—►A—>13—>M—>0 with M £ C 
and D £ . Let us construct the pushout diagram along K ^ D and K L: 

0 0 

Y 

0-- ^L -^S-^0 

Y 

0--^S- 

Y 

M - M 

Y 

0 0 
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Then, since L,M e C, it follows that T e C. Analogously, since K, M e T, D e n T = . So the 

sequence O^D^T^S-i-O splits and hence S e £.. 

Now, let us see that is a complete cotorsion pair in (7^, Ext|jr). Let F e T. By the 

hypothesis on C there exists a short exact sequence O—^F—^T—^L—^0 with T e and L e C. 
Since F c F and F is closed under extensions, we follow that T e F^^ = F^ n F. So the cotorsion pair 
{F,F^ n F) in (J^, Ext|^) has enough injectives. Now let S G F. The same proof as before gives us a 
short exact sequence 0—»-D—►T—►S'—>0 with T G F and D e F^^. Therefore {F,F^^) has enough 
projectives, whence it is a complete cotorsion pair in (7^, Ext|jr). 

Let us finally see that the complete cotorsion pair {F,F^^) is also hereditary. Let us see that 
Extg(L, C) = 0, for each L G F and C g F^^ . Then the argument will follow by an easy induction. So 
let 0 —► C —► T —► ii" —► L —► 0 be an extension in Extg(L, C). Since F contains a generator of F and 
F is resolving, we can hnd an equivalent sequence 0—►C'—►T'—►iif'—►!/—►Oto the given one, with 
FI' (and hence Ker(7i'' L)) in F. So it is equivalent to the zero element in Extg(L, C). □ 

Now we can apply Proposition |5.5| to some particular instances to get induced cotorsion pairs. Since 
we will be always dealing with the class L.Flat(Modcart(i?/p)) in Modcart(i?/p), we will denote it simply 
by L.Flat. We introduce the notation Ch(L.Flat) for the chain complexes M G Ch(Modcart(i?/p)) such 
that Mn G L.Flat, Vn e Z. And we denote by L.Flat the class of acyclic complexes L g Ch(L.Flat) for 
which Z„L G L.Flat. Here ZnL stands for the n-th cycle cartesian module of L. 

Corollary 5.6. Let R be a strict representation and Modcart(i?/p) the induced category of cartesian 
modules on Rfp: 

(1) the pair (L.Flat, L.Flat^ n L.Flat) in (L.Flat, Ext|L.Fiat) is a hereditary complete cotorsion pair; 

(2) the pair (Ch(L.Flat), Ch(L.Flat)^ n Ch(L.Flat)) in (Ch(L.Flat), Ext|ch(L.Fiat)) is a hereditary 
complete cotorsion pair; 

(3) the pair (L.Flat,L.Flat n Ch(L.Flat)) in (Ch(L.Flat),Ext|ch(L.Fiat)) is a hereditary complete 
cotorsion pair. 


Proof. We will exhibit, in each of the three cases, two classes F and F that satisfy the hypotheses of 
Proposition |5.5[ which gives therefore the statement. 

(1) Take F = F = L.Flat and Q = Modca.Tt{Rfp) in Proposition |5.5| By Appendix A, the class 
L.Flat is clearly closed under kernel of epimorphisms in Modcart(i?/p). Clearly, it is also closed under 
extensions and direct limits. Finally, F is Kaplansky by Lemma [5.3| 

(2) Take Q = Ch(Modcart(i?/p)), F = F = Ch(L.Flat) in Proposition |5.5[ Since Mod cart {Rfp) is 
Grothendieck (Theorem |3.23[ ), Ch(Modcart(f?/p)) is also Grothendieck. Since L.Flat is resolving, closed 
under extensions and direct limits, the class F will also fulfill these properties. Finally, the class F is 
Kaplansky by [32[ Gorollary 2.7 and Theorem 4.2(1)]. 

(3) Take Q = Ch(Modcart(7?/p)), F = L.Flat and F = Ch(L.Flat) in Proposition I 


5.5 


The class F is 

closed under extensions and direct limits because the acyclic chain complexes form a thick subcategory 
in Ch(Modcart(7?/p)) and L.Flat is closed under extensions and direct limits. The chain complexes of F 

of the form ...—►O^G^G—>0^..., with G e L.Flat, form a generating set for (F, Ext|ch(L.Fiat)), 
so condition (3) in Proposition 5.5 is also satisfied. Finally F is Kaplansky by [32[ Gorollary 2.7 and 
Theorem 4.2(2)]. □ 


5.4 The pure derived category of cartesian modules 

In this subsection we apply Theorem |4.13|to define the derived category of Modcart(77) relative to the 
pure-exact structure we introduced in Definition |4.14[ As we already commented in the Introduction, 
this notion extends and relates the various proposals of pure derived categories on a scheme already 
appeared in the literature (see §1. Corollary] for a quasi-separated scheme and [26[ §§2.5] for a 
Noetherian separated scheme). 


Theorem 5.7. Let R: C 


Ring be a strict representation. Let E be the pure-exact structure in 


Modcart(R) coming from Definition 4-14 Ch(Modcart(R)) be the eategory of unbounded complexes 

of cartesian modules. Then there is an exact injective model category strueture on Ch(Modcart(7?)) with 
respect to the indueed degree-wise exact structure from E, sueh that 


- the trivial objects are the pure acyclic complexes; 

- every chain complex is cofibrant; 
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- the trivially fibrant objects are the injective complexes in Ch(Modcart(i?)), £’), that is, the con¬ 
tractible complexes with pure-injective components. 

The corresponding homotopy category is the pure derived category I>pure(Modcart(i?))- 

Proof. Let us denote -Lch{L.Fiat) by -Lch(j^)- First we will show that the pairs (Ch(L.Flat), Ch(L.Flat)^‘=^*'(^>) 
and (L.Flat, L.Flat in Ch(L.Flat) satisfy the Hovey correspondence in its version for exact cat- 

Corollary 3.4]). We will denote by TZ the class L.Flat and by W the 

class L.Flat. It is clear that W is a thick subcategory of Ch(L.Flat). That is, if two terms in a short 
exact sequence 0 —► Wi —> W 2 —>■ IL 3 —► in Ch(L.Flat) are in W, then the third one is also in W. 
Notice that the chain complexes in Ch(L.Flat)^‘^**(^) are the contractible complexes in Ch(L.Flat) that 
are cotorsion in each degree. We ought to see that this class coincides with TZ n W. By its definition, 
for each G e TZ n W, the identity map 1 g : G —> G is null homotopic. Hence the chain complex G 
is contractible. Finally let us see that each degree Gn in G is cotorsion. So let F e L.Flat. Then 
ExtModcart(fl/p))(-F’. Gn) = Extch{Modcart(fi/p))(^"(E),G), whcre D"{F) is the chain complex with F in 
degree n and n — 1 and 0 otherwise. All the maps are zero except = If. Therefore D"{F) e L.Flat, 
so Extch(Modoart(fl/p))(-^"(E’), G) = 0. Thus G„ e L.Flat is cotorsion. So these pairs define a model 
structure in (Ch(L.Flat), Extch{L.Fiat))- The model structure is injective in the sense that all complexes 
of Ch(L.Flat) are cofibrant and the trivially fibrant objects (the class TZ n W) are the injectives in 
Ch(L.Flat). 

We now use Theorem |4.13| to obtain our statement. In fact the pure acyclic cochain complexes in 
(Ch(Modcart(f?)), i’) correspond to the complexes in the class L.Flat inside (Ch(L. Flat), Ext|ch(L. Fiat)). 

The injective model structure in Ch(L.Flat) is determined by the complete cotorsion pair (W, TZ) above. 

The class W corresponds with the class of pure acyclic chain complexes in (Ch(Modcart(f?)), f ). And 
the class TZ corresponds with the class of chain complexes M such that any map E —>■ M is null 
homotopic, for each pure acyclic chain complex E. Finally the class TZnW corresponds to the contractible 
complexes of pure-injective cartesian modules. Hence we get the corresponding injective model structure 
on (Ch(Modcart(i?)),f) as described. □ 

Remark 5.8. Given a strict representation R, there are corresponding versions of theorems |5.4| and |5.7| 
for the category Mod-R. 

A Purity in functor categories 

In this appendix we closely analyse the notion of purity in functor categories, reducing it to the notion of 
purity in categories of modules over unitary rings (with just one object): in fact, given a small preadditive 
category C, we first reduce the theory of purity in (C°^, Ab) to the category of unitary modules over a 
ring with enough idempotents Rc, and then to purity in a full subcategory of the category of modules 
over a ring R* (with unit), that contains Rc as an ideal. Let us start recalling the following 

Definition A.l. Let C be a small preadditive category and let N ^ M e (C°^, Ab). We say that N is 
pure in M if the sequence 0 —> N <Sic K ^ M {x)c K is exact for all K e (C, Ab). 

The reductions described above will allow us to deduce the following Theorem from results of 

Theorem A.2. Let C be a small preadditive category, let A = max{|N|, jMorCj}. Then, given N ^ M e 
(C°^, Ab) with I A] ^ A, there exists ^ M pure such that N ^ Nn, and jA^,] ^ A. 

A.l Prom ((J°^’,Ab) to Mod-i?c 

Let C be a small preadditive category and consider the ring Rc which is the ring of jObCj x jObCj 
matrices (rji)ijeobc with rji ■. i ^ j and with a finite number of non-zero terms in each row and in 
each column. Given a morphism </) in C, we identify with the matrix in Rc whose unique non-trivial 
entry is cj>. With this notation one can see that {id^ : c e ObC} is a complete set of pairwise orthogonal 
idempotents in Rc. 

Definition A.3. A unitary right Rc-module is an Abelian group M together with a right Rc action 

M X Rc M (m, r) mr 

such that, for all m,ne ITT and r,s e Rc: 

(1) m(r -I- s) = mr -\- ms; 


egones 


(see 


and 
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(2) (m + n)r = mr + nr; 

(3) (rnr)s = m{rs); 

(4) MRc = {mr : m e M, r e _Rc} = M. 

Given two unitary right Rc-modules M and N, a homomorphism <j): M ^ N is a homomorphism of 
right Rc-modules if <j){mr) = (f>{rn)r for all m G M, r G Rc- We denote by Mod-_Rc the category of 
unitary right Rc-modules. The category _Rc-Mod of unitary left Rc-modules is defined similarly. 


From now on, unless explicitly stated, all the modules over Rc we consider are unitary. The following 
result is proved in 

Proposition A.4. In the above notation, there are inverse equivalences of categories 


11 


Chapitre II, §1]: 


S-. (C°^,Kh) ^ Mod-i?c: T, 


where S is defined as follows: 

- given F: C°^ — ► Ab, S{F) = ©ceObC ij'dc)d,c g Rc acting on S{F) as the matrix 
{F{rdc))d,c, where F{rdc): F{d) -> F[c); 

- given a: F ^ G, 5(a): ©^eObC ^ ©ceObC diagonal ObC matrix whose entry 

corresponding to ce ObC is Oc; 

while T is defined as follows: 

- given a right Rc-module M, T{M): C°^ —> Ab is such that 

c Midc (/: c ^ d) I—> (Midd —^ Midc) 
for all c,d e ObC and f e Homc(c, d); 

- given a homomorphism of right Rc-modules, (f: M —>■ N we let T^cf ): T{M) —> T{N) be the natural 
transformation whose component at c e ObC is T[(j))c'- Midc Nidc, such that T{(f>)c{midc) = 
(j>(m)idc. 

Of course the above proposition has an analogous version for left modules. Abusing notations we use 
the same notations for the functors on left modules 


5: (C,Ab) i?c-Mod: T. 


In the following lemma we show that in fact the above equivalences of categories respect the tensor 
product and so they can be used to translate problems about purity in the functor category (C°^, Ab) 
into analogous problems in Mod-i?c- Recall that the tensor product of (right and left) Rc-modules is 
defined exactly as for modules over rings with 1 . 


Lemma A.5. In the above notation, there is a canonical isomorphism of functors (C°^, Ab) x (C, Ab) 
Ab; 


— (x)c — = 5(—) 5(—). 


Proof Given M G {C°^, Ab) and A g (C, Ab), 


M®cN=\ 0 M(c)®zA(c) /R 

\cEObC / 

where H is the subgroup generated by the elements of the from M (a) (m) ® n — m ® A (a) (n), with 
me M{d), n e N{d) and a e Homc(c, d). To shorten notations we let A = ©(.^obc M{c) A(c), so 
that M <S)c A = A/H. Similarly, 


5(M) 5(A) = 0 M(c) 0 A(c) ]/K = [ 0 M(c) A(d) /K , 

VceObC ceObC / Vc.deObC / 

where K is the subgroup generated by the elements of the from xr ® y — x ® ry, with x e 5(M), 
y G 5(A) and r G Rc. Again to shorten notations we let B = @cd<^OhC^^^ N{d), so that 

S{M) 5(A) = BjK. Let (j>-. A —>■ B he the map that identihes A with a sub-direct sum of B in the 
obvious way and let K' be the subgroup of K generated by the elements xr®y — x<^ry with x e S{M), 
y G 5(A) and r = idc for some c G ObC. It is not difficult to see that 0 induces an isomorphism 
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■K o (p = (j)-. A ^ BjK', where tt is the projection tt: B —> B/K'. In fact, (p is surjective since, given 
{mc®nd)c,d e B, 

{mc®nd)c,d —(t>{mc®nc)c= ^ {{mcidc® nd)c,d — {me® idcnd)c,d) e K' 

ceObC 

Similarly, if (p{mc®nc)c e K', it means that there exist x\,...,Xn e S{M), yi,...,yn e S{N) and 
Cl,..., c„ e ObC such that 


(p{mc ® nc)c = ^ {xiidc^ ®yi — Xi® idc-yt) . 

i=l 

Notice that the components corresponding to (c, c), c e ObC, are zero on the right hand side, showing 
that (rria® nc)c. = 0. This proves the injectivity of tp- 

One can prove similarly that (p{H) = K/K', showing that <p induces an isomorphism 

<pM,N ■.M®cN^ 5(M) ®R^ SiN). 

It is not difficult to show that <pM,N is natural in both variables and so it gives an isomorphism of 
functors. □ 


A.2 Prom Mod-i?c to a{Rc) 

Now we want to identify Mod-Bc with a suitable full subcategory of Mod-B*, where B* is a ring (with 
unit) containing Be as a subring. More precisely, as an Abelian group R* = Z x Be, while multiplication 
is defined as follows: 

B* X Be —» R* {{in-, t), {"n, s)) i—► (mn, ms + rn + rs) . 

It is easily seen that the above multiplication is associative and it is compatible with the sum in Z x Be, 
furthermore the element (1,0) is a unit and the map Be —> R* such that r i—> (0,r) is an injective 
homomorphism of rings (without unit). The ring homomorphism Be —► B* allows one to construct a 
forgetful functor 

Mod-B* —» Mod-Be . 

On the other hand, there is a canonical functor 

Mod-Bc —> Mod-B* 

that sends a right Bc-module M to the right B*-module whose underlying Abelian group is M and 

M X R* M (m, (n, r)) = mn -I- mr . 

In particular. Be can be viewed naturally as a right B*-module. 

Definition A.6. In the above notation, we let o-{Rc) = {M e Mod-B* : 3B[^^ —► M —* 0} 6e the full 
subcategory o/Mod-B* of all the modules generated by Re- Analogously one defines {Rc)<r ^ B*-Mod. 

Notice also that, given a morphism (p: M —* N of right Bc-modules, (p is an endomorphism of 
B*-modules when we endow M and N with their canonical right B*-module structure as described 
above. 

The following result is proved in |34| §49]: 

Proposition A.7. In the above notation, there is an eguivalence of categories U: Mod-Bc —> o-{Rc), 
assigning to M e Mod-Bc the corresponding R*-module . Furthermore, given a right Rc-module 
M, 

(1) U induces a bijection between the lattice of Rc-submodules of M and that of R*-submodules of 
U{M); 

(2) |M| = \U{M)\ (as M and U{M) have the same structure as Abelian groups). 

Of course the above proposition has its analog for left module. We denote again by 

U: Bc-Mod-» (Bc)cr 


the equivalence of categories on the left. 
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Lemma A.8. In the above notation, there is a canonical isomorphism of functors Mod-7?c x -Rc-Mod 
Ab; 


- (X)fl^ - ^U{-) (x)^* U (-) . 


Proof. Let M e Mod-Rc and N e Rc-Mod. Then, 


{M {x)z N)/H and U{M) (x)^* U{N) = (M ®z N)/K , 

where H = {mr{x)n —m®rn: r e Rc,m e M, n e A) and K = fmr(Sin — m(^rn: r e R*,m e M, n e A). 
Thus, it is enough to show that H = K as subgroups of M ®z A. Since Rc is a subring of R*, it is 
clear that H c K. On the other hand, given (fe,r) e R*, m e M and n G A we have to show that 
m{k, r) ®n — m® (k, r)n e H. But in fact, (fc, r) = {k, 0) -I- (0, r) and so 

m{k,r) — m® {k,r)n = m{k, 0) (x) n -I- m(0, r) ® n — m ® {k, 0)n — m ® {0, r)n 

= {m{k, 0) (x) n — m® (fc, 0)n) -I- (m(0, r) ® n — m® (0, r)n) 

= 0-1- (m(0, r) ® n — m ® (0, r)n) G H . 

On can verify that the isomorphism M ®r,, N ^ U (M) (x)^* U (A) such that m{x)ni—>m{x)nis natural 
in both variables. □ 


Now we have all the tools to give the following 

Proof of Theorem El Given A ^ M as in the statement, consider US{N) ^ US{M) in a{Rc). Notice 
that |R*| = max{|N|, |Rc|} = max{|N|,MorC}, so |Rc| ^ A, and |?7S'(A)| = |5'(A)| = |A| ^ A.Thus, we 
can use Lemma 1] to show that there is a pure submodule of US{M) such that \Kif \ ^ A and 
US{N). Since both U and S induce isomorphisms of lattices of submodules and preserve cardinality, we 
obtain A* M such that A ^ and \N^\ ^ A. To conclude it is enough to verify that is pure in 
M, but this is easy to see using Lemmas |A.5| and |A.8| □ 


Acknowledgement. We would like to thank Professor Haynes Miller for helpful comments and sug¬ 
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